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Abstract
Modern racing and high performance road motorcycles have begun to use ever
more sophisticated control systems to improve performance and safety. Traction
control, anti-wheelie control, engine brake control and in the case of road bikes,
anti-lock braking are now ubiquitous. Electronically adjustable suspension damp-
ing is becoming ever more common. At the time of writing, no manufacturer uses
a high fidelity real time model of the motorcycle and tyres in their control strate-
gies. The use of such a model would assist in integrating separate strategies into
an overall vehicle stability strategy. Furthermore, the development of racing and
high performance road motorcycles has traditionally depended more on experi-
ence and testing than on modelling and simulation. One reason for this has been
the lack of availability of a high fidelity motorcycle model suitable for the task.
The development of general multibody simulation software such as MSC Adams
has been driven primarily by the four wheel world and is much more suited to cars
than motorcycles. Simplified or over-linearised models lack the required fidelity.
A new high fidelity multibody motorcycle model for use in real time is pro-
posed. It is an eleven degree of freedom model and the equations of motion are
formulated using Kane’s equations. Kane’s method has been chosen over other
methodologies as it scales well to complex systems and lends itself to automated
numerical computation in a way that other methods do not. There are few linear
relationships in the mechanism of a motorcycle, but many relationships are very
nearly linear. This fact is used to simplify the model while maintaining fidelity
and this contributes to lowering the computation cost. The tyre model is the
widely used Magic Formula model, developed by Pacejka and others. The motor-
cycle model estimates data which is not directly measurable, such as tyre shear
xxx
forces and slip angles.
A motorcycle was instrumented and data was recorded during various tests,
including coast-down testing and some very competitive laps of a race circuit by
a professional motorcycle racer and test rider. The data from the coast-down
tests was used to estimate aerodynamic and engine drag parameters. The model
was validated against the race track test data with satisfactory results. Tyre
model parameters were not available for the tyres used in testing, so a method
was developed to estimate the tyre parameters which predict lateral force. The
behaviour of the model was analysed by applying various test functions and root
locus analysis was carried out to investigate the system modes.
The utility of the model for motorcycle development and set-up was inves-
tigated and a method was developed whereby motorcycle parameters may be
optimised with respect to certain performance criteria. This method may be
used to explore directions for future development and also to optimise settings
for racing.
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Chapter 1
Introduction
1.1 Introductory remarks
In many fields, there is a gap between research and engineering, and the field of
single track vehicles is no exception. The gap is arguably less in racing than in
the motorcycle industry as a whole, but much work remains to be done to bridge
it. The four wheel world has done somewhat better in this regard. Driven by
advertising, the F1 racing series has embraced modelling and simulation in a way
that motorcycle racing is now just beginning to do. Development of commercial
multibody modelling software, such as MSC Adams, has been led by the demands
of F1 and the car industry, and this is therefore not an ideal solution for modelling
motorcycles. In any case, the use of high level software tools does not always
imply a good understanding of the underlying physics. This thesis is an attempt
to understand what makes motorcycles and tyres behave the way they do when
pushed to the limit of their performance, while laying the foundation for the
engineering tools needed to exploit that knowledge.
1.2 Motivation
Not long after I began to work in motorcycle racing, I got to know Peter Williams,
who was long retired from a successful motorcycle racing career. Peter was
renowned for his engineering approach to racing and at the time I met him,
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he was working as an engineer for Cosworth. We talked a lot about how motor-
cycles worked and what the future might hold in terms of our understanding. At
that time I was involved in the early stages of data recording and Peter was very
optimistic about where that might lead. We looked forward to the day when it
would be possible to model the entire system and drive the model with real data.
I remember that Peter was pessimistic about the obstacles, but he might contend
that I was na¨ıvely optimistic. Nevertheless, the ambition to solve that problem
never left me.
As I continued to work with motorcycles, data recording and engineering
tools provided more insight into what was happening on track. However, there
remained a great many unknowns, and it was necessary to supplement the data
with mental imagery to fill in the blank spaces. My ambition for this project is
to shrink those areas of ‘terra incognita’, while probably at the same time raising
new questions.
On a more general note, single track vehicles have, in my opinion, been some-
what neglected and even underestimated in the wider field of vehicle dynamics.
Knowledge has been advanced by a relatively small number of people who were
‘bitten by the bug’ in one way or another. So, a further motivation is to help
show what a fascinating field of study this is.
1.3 Novelty of research
Previous multibody motorcycle models have mainly used Lagrange’s equations
to formulate the equations of motion. These require differentiation of scalar
functions of kinetic and potential energy, and are inefficient and cumbersome
when dealing with complex systems. Developed in the 1960s, Kane’s method of
formulating the equations of motion is a relatively recent development that is not
yet in widespread use in the field of vehicle dynamics. It is an elegant means of
developing the equations of motion for a multibody system that lends itself well
to numerical computation. [1]
Many previous multibody models lose fidelity due to linearisation. In this
2
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model, care has been taken to linearise only those relationships that are very close
to being linear over their operating range. These are the relationships between
the position and orientation of the main frame and most, but not all, of the state
variables. Suspension forces, which are substantially non-linear, though treated
as linear by many other models, are moved to the input of the system, using the
Hammerstein model architecture.
The structure of the model is designed to be computationally efficient so that
it can run in real time, and may therefore be used as an observer in an embedded
control system.
1.4 Thesis layout
The thesis is organised in four sections. These are itemised below, followed by a
brief description of each chapter to assist the reader in navigating the thesis.
 Introduction
– Chapter 1: Introduction.
– Chapter 2: Literature Review.
 Methodology
– Chapter 3: Multibody System Modelling.
– Chapter 4: The Motorcycle Model.
– Chapter 5: The Tyre Model.
 Validation
– Chapter 6: Sensing and Data Logging.
– Chapter 7: Model Validation and Analysis.
 Utility
– Chapter 8: Application Examples.
– Chapter 9: Conclusions.
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Chapter 2: Literature Review. This chapter presents a brief history of re-
search in the field of bicycle and motorcycle dynamic modelling, and then focuses
on the current state of the art. The chapter also provides a summary of the
history of tyre models.
Chapter 3: Multibody System Modelling. There are a number of methods
for deriving the equations of motion for a multibody system. In this chapter,
the Newton-Euler, Lagrange and Kane’s method are used to derive the model for
a simple system, and the pros and cons of each method are analysed, so as to
choose the method to be used for the motorcycle model.
Chapter 4: The Motorcycle Model. This is the chapter that deals with the
main subject of the thesis, that is to construct the multibody model of the mo-
torcycle. It begins by explaining the principles and terminology needed to build
the model, and goes on to examine the forces and moments that determine the
behaviour of a motorcycle. The linearisation of certain aspects of the model is
then covered before the actual modelling procedure is explained. This is followed
by an explanation of how the model is controlled, and the chapter finishes with a
section on strategies such as traction control (TC) and anti-lock braking system
(ABS) which are implemented to prevent the model from crashing in certain cir-
cumstances.
Chapter 5: The Tyre Model. The chapter begins by explaining tyre charac-
teristics and terminology. The Magic Formula tyre model is explained and a set
of Magic Formula parameters is constructed for the tyres used in testing. The
procedure for measuring the tyre profile as a function of camber angle is explained.
Chapter 6: Sensing and Data Logging. The chapter begins with an overview
of the data logging system and a detailed explanation of the hardware modules.
A description of how the 2D Datarecording system handles analog and digital
channels is given, followed by an in depth description of each recorded channel.
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Each sensor and its application is discussed, and issues such as mounting, calibra-
tion and vibration are covered. The procedures for track and coast-down testing
are also explained.
Chapter 7: Model Validation and Analysis. The chapter begins by sim-
ulating the the two coast-down tests outlined in Chapter 6 and comparing the
estimated and recorded data. The same is done for the data recorded on the race
track, and the location of the bike estimated by the model is compared to the
GPS data. Test inputs are applied to the model and the system behaviour is
analysed. Finally, root locus analysis of the model is performed.
Chapter 8: Application Examples. This chapter gives a practical example of
how the model can be used to evaluate parameter changes before they are applied
to the bike. A single parameter change is evaluated using a number of criteria.
Chapter 9: Conclusions. This chapter discusses the conclusions arising from
the thesis.
Appendix A: Magic Formula Equations. This appendix contains the equa-
tions for the MF-Tyre MF-Swift 6.2 tyre model, which is the model used in the
thesis and the latest version of the Magic Formula tyre model at the time of
writing.
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Chapter 2
Literature Review
This chapter presents a brief history of research in the field of bicycle and mo-
torcycle dynamic modelling, and then focuses on the current state of the art.
Although the thesis does not concern itself with extending the field of tyre mod-
elling, a brief history of that field is also presented, so as to explain the rationale
for choosing the tyre model. As in many fields, the literature on the development
of bicycle and motorcycle dynamic models is extremely varied. In developing the
structure of this chapter, the 2007 article by Meijaard et al. [2] was very useful.
As well as providing a benchmark model for studying controlled and uncontrolled
stability of a bicycle, the authors provide a history of bicycle dynamics studies
up to that point in time, extending the earlier work of Hand, 1988 [3], and group-
ing the literature into three categories. This classification is adopted here and a
fourth category is added.
Category (a) comprises ‘qualitative discussions of stability’. These are articles
and books that discuss handling and stability without detailed equations. This
group is not considered here. In category (b), ‘simplified analyses that use dynam-
ics’, Meijaard et al. [2] include models that have either simplified geometry and
or mass distribution, no steering dynamics because the steering is fully controlled
by the rider, or mathematically simplified models. While some individual articles
are mentioned because they made a significant contribution to the literature, this
category as a whole is not discussed because it has little direct relevance. Group
(c), ‘equations of motion for a Whipple bicycle’ contains models that have enough
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complexity to predict hands-free stability and this category covers a good deal of
relevant literature. A fourth category (d), ‘state of the art multibody models’ is
added here.
Before, discussing category (c), two early works on the subject deserve men-
tion. In 1869, W. J. M. Rankine [4] made fundamental observations on the
steering and leaning of velocipedes, and is mentioned here because his work con-
tained the earliest known mention of counter-steering. In 1896, Archibald Sharp
[5] used a greatly simplified model to calculate the torque needed to execute a
steady turn. Like many pioneering works, his description includes some assump-
tions that were later challenged. Nevertheless, his work is of engineering, and not
merely historical, interest.
2.1 Equations of motion for a Whipple bicycle
The models in this category are capable of self-stability and allow uncontrolled
steering dynamics. They are discussed mainly in chronological order. The first
to formally derive a fully general set of equations for the bicycle model was
Francis John Welsh Whipple in his 1899 paper [6]. Whipple’s model is still
relevant today and modified versions of his model feature in articles throughout
this chapter. Whipple’s bicycle is made up of a front and rear frame, hinged at an
inclined steering head. The wheels are modelled by holonomic constraints in the
vertical direction and by non-holonomic constraints in the lateral and longitudinal
directions. He analysed the speed ranges for which the bicycle was self-stable,
i.e. with the rider’s hands off the handlebar, and for which it could be stabilised
by the rider applying a steering torque or moving their centre of mass. He also
proposed the name ‘back trail’ for the distance from the point of intersection of
the steering axis with the road to the rear tyre contact point. At around the same
time, the French mathematician, Emannuel Carvallo [7] [8] developed a bicycle
model. Although Carvallo’s model is not dissimilar to Whipple’s, apparently both
men were unaware of each other’s work. Some authors, for example Schwab and
Meijaard [9] refer to this bicycle model as the Carvallo-Whipple model. After the
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pioneering work of Whipple and Carvallo, there was a lengthy hiatus, and it was
not until Sharp published his seminal paper in 1971 [10] that the field began to
move forward significantly.
In the meantime, in their 1948 book [11], Timoshenko and Young reproduced
a point-mass model originally published by Bouasse in 1910 [12]. As a simplified
model which lacks the ability to self-steer, it belongs in category (b). Nevertheless
it helps to illustrate some key features of bicycle behaviour and is therefore useful
up to a point. As in all models of this era, the contact between the wheels and
the road is regarded as a constraint. In their 1996 article [13], Limebeer and
Sharp resolve the Timoshenko-Young model into a point-mass specialisation of
the Whipple model. In doing this, many simplifying assumptions must be made.
Nevertheless, the authors state that under certain conditions, simple Timoshenko-
Young type models have been applied to sophisticated machine models with some
success.
Sharp’s 1971 article [10] has been one of the most influential on bicycle and
motorcycle dynamics. In it, he predicted and named three important modes,
‘capsize’, ‘weave’ and ‘wobble’. The paper is also remarkable in being among
the first to treat the tyre as a force and moment producing component, rather
than a constraint. It was also the start of a process that led to the Sharp and
Limebeer 2001 model [14], which is discussed in more detail in Section 2.2. Sharp’s
motorcycle consists of a front and rear frame hinged on an inclined steering axis.
A linear steering damper is included. The rear frame is made up of the motorcycle
frame, engine, petrol tank, swing-arm, rear wheel, etc. and the rider is rigidly
attached to the rear frame. The front frame consists of the front fork, handlebars,
front wheel, etc. The model has four degrees of freedom; yaw, roll, steer and
lateral motion. The wheels are rigid discs, making point contact with the smooth,
level road surface, and there is no longitudinal slip. The tyres produce steady
state forces and moments that are linearly related to camber and side slip. The
lag due to the tyre relaxation property is modelled by a first order differential
equation. The bike moves at a constant forward speed. Both aerodynamic forces
and tyre pneumatic trail are considered to be negligible, as is the minute amount
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of pitch induced by small steering angles. The equations of motion are derived
using Lagrange’s equations*, and neglecting second and higher order terms means
that only small perturbations from straight line running are considered, and the
model becomes linear.
Sharp carried out a stability analysis by calculating the eigenvalues for a
range of constant forward road speeds. At low speed, the capsize mode is a
non-oscillatory divergent instability where the motorcycle falls over on its side.
The weave mode involves motion in roll, yaw and steer. It is oscillatory with
a frequency increasing from about 0.2 Hz at a forward speed of approximately
1.5 m/s to about 3.4 Hz at approximately 48.8 m/s. It is unstable up to about
6 m/s, is well damped in the medium speed range and moderately so at high speed.
In wobble mode, the front frame oscillates relative to the rear frame about the
steering axis with a natural frequency of around 9 Hz [10]. The natural frequency
is almost independent of forward speed. It is well damped at low and medium
speeds and only moderately so at high speed. Moreover, Sharp found that the
degree of damping for wobble is strongly dependent on the tyre relaxation length
and the damping of the weave mode is only moderately dependent. The article
by Limebeer and Sharp, 2006 [13] cites a survey by Juden, 1988 [15] that suggests
that wobble may occur over a wide range of frequencies, but is often close to the
rotation frequency of the front wheel. Limebeer and Sharp suggest that forcing
from wheel or tyre non-uniformity may be an added influence.
Sharp’s article analyses the case where the steering angle degree of freedom
is removed, and also a case which excludes tyre sideslip, but the results of these
configurations are not of interest here. He also investigated the model sensitivity
to various parameters. Some parameter changes may bring both advantages and
disadvantages. For example, he found that wobble was stabilised by increasing
the steering damping, but at the expense of amplifying weave. Making the steer-
ing head steeper improved low and medium speed behaviour at the expense of
high speed behaviour. He found that other design changes brought advantages
with no disadvantage, provided that the steering damper is suitably adjusted.
* Lagrange’s equations are examined in Section 3.7.
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Among these were lowering the rear frame mass centre or moving it forward, or
increasing the rear wheel rotational inertia. These advantages are valid within
the limitations of the model. In 1974, Sharp [16] expanded his model to allow
torsional flexibility in the rear frame. The rear wheel was allowed to twist rela-
tive to the rear frame about a longitudinal axis, restrained by a linear spring and
damper.
Tyre models evolved from non-slipping wheels into components that generate
forces and moments. Early models concerned themselves with constant speeds
and small perturbations about the straight-running condition but, partly due to
advances in computing power, modern models handle the non-linear differential
equations that are needed to describe the vehicle at high camber angles. In 1974,
aerodynamic effects began to be included and Cooper [17] used Sharp’s model
and wind-tunnel data to analyse the influence of aerodynamic effects on stability.
One of the first computer simulations of a nonlinear bicycle model was car-
ried out in 1973 by Douglas Roland [18] at Cornell Aeronautical Laboratory Inc.
(CAL) in a research program sponsored by the Schwinn Bicycle Company. The
purpose of the simulation was to study the effects of design parameter variations
on stability and control. The model has eight degrees of freedom: six for the
main frame, including the rider, one for rider lean and one for steering. The
model includes tyre side forces, due to lean and sideslip angles, and gyroscopic
effects for the rotating wheels. Among the forty four design parameters are the
radial stiffness of the tyres. The dynamic equations are integrated using a mod-
ified Runge-Kutta procedure, and outputs included translational and angular
positions, velocities, accelerations and tyre force components. A second phase
included the development of the first computer graphics program to present ani-
mations of the bicycle and rider [19].
Prior to the independent work of Sharp and Alstead in 1980 [20], and Spierings
in 1981 [21] there was a discrepancy between experimental results and theoretical
predictions of the wobble mode. In those articles, torsional compliance about a
longitudinal axis was introduced between the front wheel and the main frame,
and this turned out to be the missing detail that allowed agreement between the
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theoretical and measured results.
Koenen was one of the first to analyse the effect of perturbations about the
steady cornering condition in his articles with Pacejka in 1980 [22] and 1981 [23]
and in his 1983 PhD. thesis [24]. In the PhD. thesis, he considers a motorcy-
cle in three conditions. In the ‘nominal’ conditions, the motorcycle with the
rider has zero roll angle and zero forward speed. In the ‘stationary’ conditions,
the motorcycle with rider is in straight running or steady-state cornering, and
in the ‘non-stationary’ condition, there are infinitesimal perturbations from the
stationary condition. The nominal condition serves as the starting point for the
calculations, the stationary situation is described by a set of non-linear algebraic
equations, and the non-stationary condition is described by a set of linear differen-
tial equations. He draws a distinction between ‘symmetrical dynamics’, which are
the longitudinal dynamics including suspension dynamics, and ‘anti-symmetrical
dynamics’, which are lateral dynamics. Koenen [24] noted that, in cornering,
the symmetric vibration modes of pitch, bounce and wheel hop interact with the
anti-symmetric modes such as weave and wobble.
Koenen’s full model [24] consists of the following bodies; the main frame
assembly, the upper part of the rider’s body, the front and rear wheels and the
front and rear unsprung masses. Additionally, the mass of the front frame is
divided into upper and lower masses; the lower part can twist about a longitudinal
axis with respect to the main frame, while the upper part cannot. He devised
a unique and helpful method of illustrating the motorcycle in various modes of
oscillation and included many root loci plots to illustrate the sensitivity of the
model to parameter variations. The tyre model is discussed in Section 2.3.
2.2 State of the art multibody models
Two models are considered in this category. The Sharp and Limebeer 2001 model
[14] is abbreviated as ‘SL 2001’ and the Cossalter and Lot 2002 model [25] is
abbreviated as ‘CL 2002’. These models are described individually, and then
compared. The tyre models are discussed in detail in Section 2.3.
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2.2.1 The SL 2001 model
Sharp extended his model in 1994 [26] and this was the forerunner to Sharp and
Limebeer’s SL 2001 model. [14] The authors analyse the motions arising from
small perturbations about the straight running condition as per Sharp, 1971 [10],
and also about an equilibrium cornering condition. The equilibrium cornering
condition was first analysed by Koenen [24], extending his previous work with
Pacejka [22] and [23]. In the SL 2001 model, a description of longitudinal tyre
force is avoided by constraining the wheels to rotate without longitudinal slip.
One effect of this assumption is to alter the rotational speed of the wheels and
therefore the magnitude of the gyroscopic torques, but this effect is taken into
account. The wheels are treated as discs which can be deflected in the direction
from the contact point towards the wheel centre. This deflection is subject to a
spring force in the radial direction due to tyre deflection. The tyres are rigid in
the lateral direction relative to the wheel. Relaxation behaviour is modelled by
a first order lag equation that relates the lateral force and aligning torque to the
sideslip and camber angles. Tyre forces and moments are generated by Koenen’s
tyre model [24], which is discussed in Section 2.3. As a motorcycle leans over, the
tyre contact patch moves laterally with respect to the wheel centre plane, giving
rise to an overturning moment. Disc wheels with infinitesimal thickness do not
inherently create this moment, so it is added separately. The authors control
the vehicle speed using a proportional-integral (PI) controller that uses the speed
error to produce a rear wheel torque. Roll angle is controlled by a proportional-
integral-derivative (PID) controller that uses camber error to produce a steering
torque. They note that the controller gains are critical to the stability of the
model. The authors found that the controllers needed re-tuning for each camber
angle. Suspension limit stops are included at each end, modelled as fifth powers
of displacement from stop contact. [27] This model has been used in further work
such as the study of burst oscillations by Evangelou et al. [28]
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2.2.2 The CL 2002 model
Cossalter and Lot [25] built an 11 degree of freedom non-linear multibody dynamic
model and developed an original tyre model, which is discussed in Section 2.3.
The motorcycle is described by a set of 45 co-ordinates. Because it has eleven
degrees of freedom, a set of 45 − 11 = 34 constraint equations are needed. The
multibody model is implemented in Fortran code with a view to real time sim-
ulation. The Fortran code is generated using Maple® to perform the symbolic
calculations. The equations of motion are obtained using Lagrange’s equations.
Together, the Lagrange, constraint and tyre equations form a set of 85 second
order differential-algebraic simultaneous equations, where the unknowns are 51
generalised co-ordinates and 34 Lagrange multipliers.
In the appendix, Cossalter and Lot illustrate the non-linear nature of the
suspension spring and damping curves used in the model, but no mention is made
of the extreme non-linearities that are encountered at the limits of suspension
travel. These are particularly relevant when the motorcycle is being ridden close
to the performance limit as they introduce steps in spring rate and force.
2.2.3 Comparison of multibody models
Table 2.1 lists the degrees of freedom in the SL 2001 and CL 2002 models. The
SL 2001 model has two more degrees of freedom than the CL 2002 model, namely,
fork twist about a longitudinal axis and rider upper body rotation, also about a
longitudinal axis. The SL 2001 model is implemented in AutoSim, which can
generate a C or Fortran simulation and data files containing bike parameters and
simulation run control parameters. [14] AutoSim is a language used to describe
general multi-body systems and is based on Kane’s equations. It provides a level
of abstraction from the equations of motion, using commands such as ‘add body’,
‘add speed constraint’, etc. The CL 2002 model is implemented in Fortran and
is sold commercially as ‘FastBike’. [25] The equations of motion are formulated
using Lagrange’s equations.
When introducing the SL 2001 model, [14] Sharp and Limebeer use Koenen’s
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SL 2001 CL 2002
Front wheel rotation angle X X
Rear wheel rotation angle X X
Front suspension travel X X
Rear suspension travel X X
Yaw angle X X
Roll angle X X
Pitch angle X X
Steering angle X X
X position X X
Y position X X
Z position X X
Front tyre vertical deflection
Rear tyre vertical deflection
Fork twist X
Rider upper body rotation, X X
Table 2.1: Model degrees of freedom compared
tyre model, and in a later implementation, Sharp et al. [27] use the Magic
Formula tyre model. Cossalter and Lot [25] do not provide great detail about
the character of the forces and moments in their tyre model but say that by
taking the deflection of the contact patch into account, the model represents an
improvement over previous ones. The tyre forces are applied at the contact point.
The authors also derive an expression for longitudinal relaxation length.
2.3 Tyre model time line
This section provides background and a brief brief summary of the history of tyre
models, and then discusses the models used in Section 2.2 in some detail. For an
explanation of tyre characteristics and terms, such as longitudinal or lateral slip
stiffness etc. refer to Section 5.2. The term ‘sideslip angle’ is often abbreviated to
‘slip angle’ and both terms may be used here. One of the main differences between
early and modern bicycle models is that the tyre went from being treated as a
constraint to being a force and moment-producing entity.
Since study of the pneumatic tyre began, a wide variety of approaches have
been adopted with regard to modelling. These range from empirical methods that
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use regression techniques to fit test data to a set of formulas, to complex finite
element physical models that describe the tyre in great detail. Simple physical
models have long been used to approximate the compliance of the tyre tread
rubber, belt and carcase. One of these is the brush model, originated by Fromm
in his 1941 paper [29], and translated to English by the National Advisory Council
for Aeronautics (NACA). It consists of a row of elastic bristles extending radially
from the wheel, which represent elements of the tread. Fromm refers to these
as rubber lugs, and each element acts independently of its neighbours. When
the wheel rolls freely, without torque, sideslip, camber or turning, the elements
remain un-deflected. Otherwise, lateral and longitudinal forces are generated in
each element, depending on the extent and direction of its deflection.
Another simplified mechanical model is represented by a string following the
circumference of the wheel, that is kept under tension by a uniform outward
radial force. The string is flattened where it contacts the flat road surface and
may move elastically in the axial direction. Movement in the circumferential
direction is represented by the deflection of independent tread elements similar
to those of the brush model, though they are constrained to move only in that
direction. Lateral and longitudinal forces are generated by the axial deflection of
the string and the circumferential deflection of the tread elements respectively.
The tyre model adopted by Koenen [24] consists of a thin disc which is flexible
in the radial direction, subject to a spring force. The model produces a lateral
force in response to sideslip, camber angle and turnslip, an aligning moment in
response to those same inputs, and an overturning moment in response to camber
angle. Although turnslip is included in the model, Koenen found it to be negligi-
ble. Longitudinal force due to longitudinal slip is disregarded. Lateral force and
aligning moment due to sideslip are lagged to simulate the relaxation property of
the tyre. Other forces and moments are assumed to be instantaneous. Cornering
or sideslip stiffness, i.e. the rate of change of lateral force with respect to slip
angle, is treated as being linear, with no saturation. Therefore, it is accurate
only at relatively small slip angles. The cornering stiffness decays linearly with
increasing camber magnitude and is linearly dependent on load. Lateral force
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due to camber, on the other hand, is treated as non-linear with respect to cam-
ber angle and is approximated by a parabola. It too is assumed to be linearly
dependent on load. The aligning moment is made up of lateral force components
due to sideslip and camber acting through the pneumatic trail. As mentioned
previously, the contribution of turnslip is considered negligible. The pneumatic
trail, and likewise the aligning moment due to sideslip, decrease linearly with
respect to the slip angle magnitude and are proportional to the square root of the
nominal load ratio FZ/FZ0. The aligning moment due to camber has a parabolic
dependence on the camber angle in accordance with data obtained by Sakai [30],
and is proportional to the nominal load ratio to the power of 5/2.
Due to the lack of experimental data, Koenen derives the non-stationary tyre
behaviour from the taut string theory, introduced above. First order differential
equations for slip angle-dependent lateral force and aligning moment are derived.
These are distance rather than time dependent, with the relaxation length being
the response distance constant. Koenen cites Segel and Wilson [31] in stating
that about 80% of the camber-dependent lateral force lags the input, with the
remaining 20% of the response being instantaneous. The lagged component is
attributed to the lateral displacement of the string where it contacts the road,
while the instantaneous part is due to the lateral component of the tyre radial
force. With regard to aligning torque, the part due to slip angle is assumed to
be lagged, while the part due to camber angle is assumed to be instantaneous.
The SL 2001 multibody model which is discussed in Section 2.2, adopts the
tyre model used by Koenen [24] and described above. This is done for the purpose
of reproducing Koenen’s motorcycle model results and it is acknowledged by the
authors that the Magic Formula tyre model has more recently been applied to
motorcycle tyres with the possibility of improving on previous methods. Subse-
quently, Sharp et al. [27] use the SL 2001 multibody model in conjunction with
the Magic Formula tyre model
The tyre model used by Cossalter and Lot [25] considers the lateral and lon-
gitudinal slip stiffness to be linear, with no saturation. Therefore, the model is
 The Magic Formula tyre model is discussed later in this section.
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accurate only in the linear range, i.e. at relatively low levels of longitudinal or
lateral slip. The rolling resistance moment, My and aligning moment Mz are
likewise considered to be linear with respect to normal load, slip angle and cam-
ber. The overturning moment Mx is zero because the tyre forces are applied at
the actual tyre contact point, taking into account the deflection of the tyre and
contact patch migration due to camber angle. When modelling tyres, the lag due
to the tyre relaxation property is typically modelled by a first order differential
equation. In the paper, the authors show how this lag equation may be formu-
lated, and an expression is derived for the longitudinal relaxation length in terms
of the longitudinal slip stiffness, rotational stiffness of the tyre and the effective
rolling radius. Cossalter and Lot treat the pneumatic trail as constant, while
Sharp, Limebeer and Pacejka treat it as decreasing with slip angle magnitude.
The best known empirical tyre model is the Magic Formula model. The first
Magic Formula tyre model by Bakker et al. [32] and [33], is known as the ‘Monte
Carlo’ version due to the conference at which the 1989 paper was presented. A
later, 1993, version by Pacejka and Bakker [34] is known as ‘Version 3’ of the
Magic Formula. These early versions modelled the tyre in steady state conditions
only, but it was known that in reality, the generation of lateral force is not in-
stantaneous but subject to a lag. It was shown by Loeb et al. 1990 [35] that the
tyre must roll a certain distance, the ‘relaxation length’ for the tyre to deflect
sufficiently to generate lateral force. In 1997, Pacejka and Besselink [36] extended
the Magic Formula model by introducing longitudinal and lateral transient re-
sponses. This model is referred to as the ‘Delft Tyre ’97’ version. The Magic
Formula model was originally developed around car tyres and was not accurate
at large camber angles, so in 1998, De Vries and Pacejka adapted the Magic For-
mula model to be more versatile and cover the larger camber angle range needed
for motorcycle tyres [37]. Further improvements to the Magic Formula model for
motorcycle tyres were made by Tezuka et al., 2001 [38] and by Pacejka, 2006 [39].
The Dutch organisation for applied research TNO has turned the Magic For-
mula into commercial software under the name ‘Delft-Tire’. They have imple-
mented the Magic Formula tyre model in a software package known as ‘MF-
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Tire / MF-Swift’, which has become an industry standard. MF-Tire / MF-Swift
interfaces to Adams MSC, DADS (Dynamic Analysis and Design System) and
Matlab, and has been adopted by major tyre manufacturers such as Michelin.
2.3.1 Tyre forces and moments, dynamic response
Tyre lateral force Fy is generated due to sideslip, camber and turnslip. Koenen
[24] found the contribution of turnslip to be negligible. The literature is unani-
mous in that the lateral force due to side slip is subject to a lag that depends on
the distance rolled by the tyre. The distance constant is known as the relaxation
length. Because the aligning moment due to sideslip depends directly on the lat-
eral force, this too is lagged. Segel and Wilson, 1976 [31] examined the different
camber force generating mechanisms experimentally and found that about 80%
of lateral force lags the input while 20% is instantaneous. Koenen [24] uses the
stretched string model and states that the lateral displacement of the equatorial
line lags the camber input while the lateral component of the tyre radial force
responds instantaneously. Weir and Zellner, 1978 [40] showed that while the lag
of lateral tyre force Fy due to side slip significantly affected the lateral dynamics
of the vehicle, the lag of Fy due to camber had no such effect and was unimpor-
tant. This result was used when creating tyre models in later studies, such as
Sharp, 1994 [26]. Pacejka [39] takes into account the transient response of the
lateral force Fy and aligning moment Mz to changes in slip and camber angles.
He disregards the non-lagging part of the response. The overturning moment Mx
is assumed to respond instantaneously to camber changes.
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Multibody System Modelling
The first step in building a dynamic model is to formulate the equations of motion.
In this chapter, three methods for deriving the equations of motion of a multibody
system are examined, using Newton’s, Lagrange’s and Kane’s equations. The pros
and cons of each method are evaluated and one is chosen to derive the equations
for the motorcycle model. The chapter begins with an explanation of reference
frames and the vector notation used here and throughout the thesis. The concept
of generalised co-ordinates and generalised speeds is introduced.
3.1 Reference frames
nˆ1
nˆ2
nˆ3
N
Aaˆ2
aˆ1
aˆ3
Figure 3.1: Vector convention shown in two reference frames
In a multibody system, the positions, velocities and accelerations of the bodies
and points are vector quantities, and therefore must be expressed in a particular
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reference frame. The terms ‘reference frame’ and ‘rigid body’ may be used inter-
changeably. Every rigid body may serve as a reference frame and every reference
frame may be regarded as a massless rigid body [41]. Reference frames should
not be confused with co-ordinate systems, as many co-ordinate systems may co-
exist in a given reference frame, though in this thesis, one Cartesian co-ordinate
system is used for each reference frame. Reference frames, like rigid bodies, are
denoted by upper case letters, and the axes of the Cartesian co-ordinate system
used within each reference frame use the same letter in lower case. This is shown
in Fig. 3.1, where the axes of the N and A reference frames are indicated by three
orthogonal unit vectors. The notation ~v is used to denote vectors in general and
vˆ denotes a unit vector.
The right-hand Cartesian co-ordinate system as used by Kane and Levin-
son 1985 [41] is adopted and is shown in Fig. 3.1. Rotation about these vectors
also obeys the right hand rule, so that when a vector is grasped in the right
hand with the thumb pointing in the positive direction, the fingers point in the
direction of positive rotation. In this thesis, the inertial or global reference frame
is denoted by N . The reference frames in the motorcycle model are explained in
Section 4.4.
3.2 Vector notation
Roman letters are used for translational vectors and Greek letters for vectors
representing angular motion. The letter r denotes relative position, v is trans-
lational velocity, a is translational acceleration, ω is angular velocity and α is
angular acceleration. A left-hand superscript indicates the reference frame. For
velocities and accelerations, a right-hand superscript indicates the body or point
in question. Note that while a body may have angular motion, a point may not.
For example, N~ω P is the angular velocity of body P in the N reference frame, and
M~aP is the translational acceleration of the point or body P in some reference
frame M . In the case of relative positions, a right-hand superscript denotes the
beginning and end of the vector, so M~rAP is the vector from point A to point P
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expressed in the M reference frame.
3.3 Generalised co-ordinates and speeds
Huston, 1990 [1] defines the co-ordinates of a multibody system as “the param-
eters (for example orientation angles or translation variables) needed to define
the configuration of the system”. “When the co-ordinates are chosen such that
there is one co-ordinate for each degree of freedom, they are called generalised
co-ordinates”. Generalised co-ordinates are denoted by the letter q. Kane and
Levinson 1985, [41] define generalised speeds as follows:
ur :=
n∑
s=1
Yrsq˙s + Zr (r = 1, . . . , n) (3.1)
where Yrs and Zr are functions of the generalised co-ordinates q1, . . . , qn and time
t. These functions must be chosen such that Eqns. (3.1) can be solved uniquely
for q1, . . . , qn. Eqns. (3.1) are called kinematical differential equations. Some
authors, such as Roithmayr and Hodges 2016 [42] refer to generalised speeds as
‘motion variables’. In the simplest case, and in this thesis, each generalised speed
is simply the first derivative with respect to time of the corresponding generalised
co-ordinate, i.e.
ur = q˙r (r = 1, . . . , n)
The generalised co-ordinates of the system in this chapter are q1 and q2, and the
generalised speeds are u1 and u2.
3.4 Partial angular velocities and velocities
Kane’s method uses the concept of ‘partial velocities’. If M~ωA and M~vA are the
angular and translational velocity respectively of body A in reference frame M ,
21
3.5. The model
then they can be expressed uniquely as:
M~ωA =
n∑
r=1
M~ωAr ur +
M~ωAt
M~vA =
n∑
r=1
M~vAr ur +
M~vAt
where M~ωAr ,
M~vAr ,
M~ωAt and
M~vAt for (r = 1, . . . , n) are functions of q1, . . . , qn
and time t. The vector M~ωAr is called the r
th partial angular velocity of A in M ,
and M~vAr is the r
th partial velocity of A in M . When speaking of partial angular
velocities and or partial velocities, the adjectives ‘holonomic’ and ‘non-holonomic’
can generally be omitted without loss of clarity [41].
3.5 The model
q2
C
nˆ2
nˆ1
pˆ2
pˆ1
q1
L
FP (t)
FC(t)
k
d
P
q2
Figure 3.2: An inverted pendulum with spring and damper
An inverted pendulum is often used as an analogue for a motorcycle leaning
over, so it seems an appropriate model to use in this context. The model is shown
in Fig. 3.2. The pendulum P has mass MP and its moment of inertia is IP . The
base of the pendulum is hinged at the centre of mass of a cart C, which has
mass MC and is free to slide on a frictionless surface. The horizontal position
of the cart is q1 and the speed is u1. The pendulum angle to the vertical is q2
and its angular velocity is u2. The dimensions q1 and q2 are the generalised co-
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ordinates, and the generalised speeds are u1 and u2. A damper resists the lateral
motion of the cart, and a spring attached between the pendulum and the cart
forces the pendulum towards the vertical. Two reference frames are used: the
global, or inertial, reference frame N and the reference frame P , which is aligned
with the pendulum. The angle between the reference frames is q2. The reference
frame vectors are related as shown in the following equations, where c2 and s2 are
shorthand for cos q2 and sin q2 respectively. Vectors nˆ3 and pˆ3 are collinear and
point out of the page. When differentiating vector expressions, it is important
to remember that while all nˆ vectors and pˆ3 are time invariant, pˆ1 and pˆ2 are
functions of time.
pˆ1 = c2nˆ1 + s2nˆ2
pˆ2 = −s2nˆ1 + c2nˆ2
pˆ3 = nˆ3
It is useful to express this relationship in a table, as shown in Table 3.1. The
expressions for nˆ1, nˆ2 and nˆ3 in terms of pˆ1, pˆ2 and pˆ3 can easily be found by
multiplying the table entries in the relevant column with the corresponding pˆ
unit vectors, and adding the results. The dot product of any pair of nˆ and pˆ unit
vectors is the corresponding table entry.
nˆ1 nˆ2 nˆ3
pˆ1 c2 s2 0
pˆ2 −s2 c2 0
pˆ3 0 0 1
Table 3.1: Reference frame vector relationship
3.6 Newton’s Equations
The following forces act on the cart:
 The applied force is FC nˆ1
 The inertia of the cart resists acceleration with the force −MC q¨1nˆ1
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 The damping force is −dq˙1nˆ1
 The rotational inertia of the pendulum resists angular acceleration with a
torque ~τ = −IP q¨2pˆ3, which acts on the cart through the lever −Lpˆ2. Torque
~τ = ~r × ~F , so the equation −IP q¨2pˆ3 = −Lpˆ2 × ~F is satisfied when ~F =
− 1
L
IP q¨2pˆ1. In the N reference frame, this force is − 1LIP q¨2c2nˆ1− 1LIP q¨2s2nˆ2.
 The spring resists angular displacement with a torque ~τ = −kq2pˆ3, which
acts on the cart through the lever −Lpˆ2. Torque ~τ = ~r× ~F , so the equation
−kq2pˆ3 = −Lpˆ2 × ~F is satisfied when ~F = − kLq2pˆ1. In the N reference
frame, this force is − k
L
q2c2nˆ1 − kLq2s2nˆ2.
 Let FT be the tension or compression force in the pendulum rod which
exerts a force on the cart FT pˆ2 = −FT s2nˆ1 + FT c2nˆ2
The following forces act on the pendulum:
 The applied force FP nˆ1
 The inertia of the pendulum resists acceleration with the force −MP x¨pnˆ1−
MP y¨pnˆ2, where x¨p and y¨p are the horizontal and vertical acceleration of the
pendulum.
 The force due to gravitational acceleration is −MPgnˆ2
 The rotational inertia gives rise to a force on the pendulum which is equal
and opposite to that exerted on the cart, that is 1
L
IP q¨2c2nˆ1 +
1
L
IP q¨2s2nˆ2.
 The spring force exerted on the pendulum is equal and opposite that exerted
on the cart, i.e. k
L
q2c2nˆ1 +
k
L
q2s2nˆ2
 The tension or compression force in the pendulum rod exerts a force on the
pendulum bob of −FT pˆ2 = FT s2nˆ1 − FT c2nˆ2
The position of the pendulum is given by:
xp = q1 − Ls2 yp = Lc2
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The velocity is:
x˙p = q˙1 − Lq˙2c2 y˙p = −Lq˙2s2
And the acceleration is:
x¨p = q¨1 − Lq¨2c2 + Lq˙22s2 y¨p = −Lq¨2s2 − Lq˙22c2
The forces acting on the pendulum in the x direction are analysed using Newton’s
second law.
∑
Fx = 0
FP −MP x¨p +
1
L
IP q¨2c2 +
k
L
q2c2 + FT s2 = 0
FP −MP (q¨1 − Lq¨2c2 + Lq˙22s2) +
1
L
IP q¨2c2 +
k
L
q2c2 + FT s2 = 0
FP −MP q¨1 +MPLq¨2c2 −MPLq˙22s2 +
1
L
IP q¨2c2 +
k
L
q2c2 + FT s2 = 0 (3.2)
Likewise in the y direction:
∑
Fy = 0
−MP y¨p −MPg +
1
L
IP q¨2s2 +
k
L
q2s2 − FT c2 = 0
−MP (−Lq¨2s2 − Lq˙22c2)−MPg +
1
L
IP q¨2s2 +
k
L
q2s2 − FT c2 = 0
MPLq¨2s2 +MPLq˙
2
2c2 −MPg +
1
L
IP q¨2s2 +
k
L
q2s2 − FT c2 = 0 (3.3)
The cart accelerates only in the horizontal direction so it is described by one
equation:
∑
Fx = 0
FC −MC q¨1 − dq˙1 −
1
L
IP q¨2c2 −
k
L
q2c2 − FT s2 = 0 (3.4)
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By summing Eqns. (3.2) and (3.4), the unknown FT is eliminated and the first
equation of motion is found.
FP + FC − (MP +MC)q¨1 +MPLq¨2c2 −MPLq˙22s2 − dq˙1 = 0 (3.5)
The second equation of motion is obtained by multiplying Eqn. (3.2) by c2 and
multiplying Eqn. (3.3) by s2 to get:
c2(FP −MP q¨1 +MPLq¨2c2 −MPLq˙22s2 +
1
L
IP q¨2c2 +
k
L
q2c2) + FT s2c2 = 0
s2(MPLq¨2s2 +MPLq˙
2
2c2 −MPg +
1
L
IP q¨2s2 +
k
L
q2s2)− FT c2s2 = 0
Summing these equations gives the second equation of motion:
−MPLc2q¨1 +MPL2q¨2 + IP q¨2 + FPLc2 −MPgLs2 + kq2 = 0 (3.6)
Substituting u1 = q˙1 and u2 = q˙2 into Eqns. (3.5) and (3.6), the equations of
motion become:
(MP +MC)u˙1 −MPLc2u˙2 = −MPLs2u22 − du1 + FC + FP
MPLc2u˙1 − (MPL2 + IP )u˙2 = kq2 + FPLc2 −MPgLs2 (3.7)
3.7 Lagrange’s equations
The procedure for using Lagrange’s equation is as follows.
1. Find K, the kinetic energy of the system.
2. Find U, the potential energy of the system.
3. Evaluate the Lagrangian equation for each generalised co-ordinate, q1 and
q2.
The linear velocity of the pendulum centre of mass is:
vP = (q˙1 − Lq˙2c2)nˆ1 − Lq˙2s2nˆ2
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and the square of the magnitude is:
v2P = (q˙1 − Lq˙2c2)2 + (−Lq˙2s2)2
= q˙21 + L
2q˙22 − 2Lq˙1q˙2c2
The kinetic energy is given by:
K =
1
2
MC q˙
2
1 +
1
2
MPv
2
P +
1
2
IP q˙
2
2
=
1
2
MC q˙
2
1 +
1
2
MP (q˙
2
1 + L
2q˙22 − 2Lq˙1q˙2c2) +
1
2
IP q˙
2
2
The potential energy is given by:
U =
1
2
kq22 +MPgLc2
The damping and external forces are non-conservative* so they enter the La-
grangian as generalised forces.
δW nc =
N∑
i
fnci • δRi =
N∑
j=1
Qjδξj
= (−dq˙1 + FC + FP )δq1 + (−FPLc2)δq2
so
Qq1 = −dq˙1 + FC + FP Qq2 = −FPLc2
The Lagrangian is:
L = K − U
=
1
2
MC q˙
2
1 +
1
2
MP (q˙
2
1 + L
2q˙22 − 2Lq˙1q˙2c2) +
1
2
IP q˙
2
2 −
1
2
kq22 −MPgLc2
* If the work done by an external force is stored as some form of potential energy, then the
force is conservative, otherwise it is non-conservative.
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The following derivatives need to be evaluate for the Lagrange equations:
δL
δq1
= 0
δL
δq˙1
= MC q˙1 +MP q˙1 −MP q˙2Lc2
d
dt
(
δL
δq˙1
)
= MC q¨1 +MP q¨1 −MP q¨2Lc2 +MP q˙22Ls2
δL
δq2
= gMPLs2 +MP q˙2q˙1Ls2 − kq2
δL
δq˙2
= IP q˙2 + L
2MP q˙2 −MP q˙1Lc2
d
dt
(
δL
δq˙2
)
= IP q¨2 + L
2MP q¨2 −MP q¨1Lc2 +MP q˙2q˙1Ls2
Lagrange’s equation for the first generalised co-ordinate q1
d
dt
(
δL
δq˙1
)
− δL
δq1
= Qq1
yields the first equation of motion:
MC q¨1 +MP q¨1 −MP q¨2Lc2 +MP q˙22Ls2 = −du1 + FC + FP
and the equation for the second generalised co-ordinate q2
d
dt
(
δL
δq˙2
)
− δL
δq2
= Qq2
gives the second equation of motion:
IP q¨2 + L
2MP q¨2 −MP q¨1Lc2 +MP q˙2q˙1Ls2 − (gMPLs2 +MP q˙2q˙1Ls2 − kq2) = −FPLc2
Substituting u1 = q˙1 and u2 = q˙2 and re-arranging, produces the same equations
of motion given in Eqns. (3.7)
(MC +MP )u˙1 −MPLc2u˙2 = −MPLs2u22 − du1 + FC + FP
MPLc2u˙1 − (MPL2 + IP )u˙2 = kq2 + FPLc2 −MPgLs2
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3.8 Kane’s equations
This method was developed in the early 1960s by Thomas R. Kane and was
originally known as “Lagrange’s form of d’Alembert’s principle”. [1] It has also
been called the “principle of virtual power”. The principle states that the sum
of the generalised active and inertia forces for each generalised co-ordinate, or
alternately each generalised speed, is zero. That is,
Fr + F
∗
r = 0 r = 1, . . . , n
where Fr are the active forces and F
∗
r are the inertia forces. The procedure for
using Kane’s method is as follows.
1. Define the important points.
2. Select generalised co-ordinates and generalised speeds.
3. Derive velocity and acceleration expressions for the important points.
4. Construct the partial velocity table.
5. Calculate active forces Fr and inertia forces F
∗
r , and set Fr + F
∗
r = 0.
The important points in the mechanism are the mass centres of the cart C and
pendulum P as shown in Fig. 3.2. The generalised co-ordinates are q1 and q2
and the generalised speeds are u1 = q˙1 and u1 = q˙2. The velocities and angular
velocities of the bodies are as follows:
N~ω C = 0
N~ω P = u2nˆ3
N~v C = u1nˆ1
N~v P = N~v C + N~ω P × N~rCP
= u1nˆ1 + u2nˆ3 × Lpˆ2
= u1nˆ1 − u2L(c2nˆ1 + s2nˆ2)
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ur
N~ω Cr
N~v Cr
N~ω Pr
N~v Pr
r = 1 0 nˆ1 0 nˆ1
r = 2 0 0 nˆ3 −L(c2nˆ1 + s2nˆ2)
Table 3.2: Partial velocities
Acceleration expressions are therefore:
N~αC = 0
N~αP = u˙2nˆ3
N~aC = u˙1nˆ1
N~aP = u˙1nˆ1 − u˙2L(c2nˆ1 + s2nˆ2)− u22L(c2nˆ2 − s2nˆ1)
3.8.1 Partial velocities
Kane’s equations use partial velocities and partial angular velocities, which are
defined as follows. For a certain system, let q1 . . . qn and u1 . . . un be generalised
co-ordinates and generalised speeds respectively. The angular velocity of a body
in the system may be expressed uniquely as
ω =
n∑
r=1
ωrur + ωt
and the velocity may be expressed uniquely as
v =
n∑
r=1
vrur + vt
The vectors ωr and vr are called the r
th partial angular velocity and rth partial
velocity of the body, respectively. The rth partial angular velocity of body P
in reference frame N is expressed as N~ω Pr . The partial velocities for the current
system are derived from the velocity expressions above and are shown in Table 3.2.
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3.8.2 Kane’s Equations
The final step in Kane’s method is to construct the set of equations for the
generalised active force Fr and for the generalised inertial force F
∗
r . Equating
these produces the equations of motion for the system.
F ∗r = Fr
The generalised active force Fr (for two bodies, A and B) is given by:
Fr =
∑
r
(
~FA •
N~vAr + ~TA •
N~ωAr + ~FB •
N~vBr + ~TB •
N~ωBr
)
(3.8)
where F and T denote force and torque respectively. The generalised inertial
force F ∗r is given by:
F ∗r =
∑
r
(
−MAN~aA • N~vAr −
(
N~αA •
~~IA +
N~ωA × ~~IA • N~ωA
)
• N~ωAr
−MBN~aB • N~vBr −
(
N~αB •
~~IB +
N~ωB × ~~IB • N~ωB
)
• N~ωBr
)
(3.9)
3.8.3 Active forces
Let ~F ′C and ~T
′
C be the total active force and torque on the cart and let
~F ′P and
~T ′P be the total active force and torque on the pendulum.
~F ′C = FC nˆ1 − du1nˆ1
~F ′P = −MPgnˆ2 + FP nˆ1
~T ′C = Kq2nˆ3
~T ′P = −Kq2nˆ3
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so
F1 = ~F
′
C
• N~v C1 + ~T
′
C
• N~ω C1 + ~F
′
P
• N~v P1 + ~T
′
P
• N~ω P1
= FC + FP − du1 (3.10)
F2 = ~F
′
C
• N~v C2 + ~T
′
C
• N~ω C2 + ~F
′
P
• N~v P2 + ~T
′
P
• N~ω P2
= MPgLs2 − FPLc2 − kq2 (3.11)
3.8.4 Inertial forces
F ∗1 = −MCN~aC • N~v C1 −
(
N~αC •
~~IC +
N~ω C × ~~IC • N~ω C
)
• N~ω C1
−MPN~aP • N~v P1 −
(
N~αP •
~~IP +
N~ω P × ~~IP • N~ω P
)
• N~ω P1
= −(MC +MP )u˙1 +MPLc2u˙2 −MPLs2u22 (3.12)
F ∗2 = −MCN~aC • N~v C2 −
(
N~αC •
~~IC +
N~ω C × ~~IC • N~ω C
)
• N~ω C2
−MPN~aP • N~v P2 −
(
N~αP •
~~IP +
N~ω P × ~~IP • N~ω P
)
• N~ω P2
= MPLc2u˙1 − (MPL2 + IP )u˙2 (3.13)
3.8.5 Equate the active and inertial forces
Equating the active forces in Eqns. (3.10) and (3.11) with the inertial forces in
Eqns. (3.12) and (3.13) as follows,
F1 = F
∗
1
F2 = F
∗
2
results in the same equations of motion given in Eqns. (3.7).
(MC +MP )u˙1 −MPLc2u˙2 = −MPLs2u22 − du1 + FC + FP
MPLc2u˙1 − (MPL2 + IP )u˙2 = kq2 + FPLc2 −MPgLs2
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3.9 Conclusion
Clearly, all three methods produce the equations of motion for the system, but
they differ in ease of use. Of the three methods, Newton’s equations are the only
ones that require the explicit calculation of the constraint forces and torques be-
tween the bodies. Even for quite simple systems, these can be tricky to visualise
and formulate, and this requirement adds unnecessary complexity to the calcu-
lations. Furthermore, expressions for xp and yp had to be introduced in order
to represent the angular motion of the pendulum as translational quantities, and
the first and second derivatives of these expressions had to be found.
While Lagrange’s equations avoid these problems, they require differentiation
of scalar functions of kinetic and potential energy. For smaller systems such as
the current example, this is not a big problem, but it becomes inefficient when
dealing with more complex systems.
Kane’s equations avoid the disadvantages of both Newton’s and Lagrange’s
equations, while offering a well structured method that scales well to larger and
more complex systems. The calculations above validate the views of Case [43] and
Huston [1] that Kane’s method lends itself to automated numerical computation
in a way that Newton’s and Lagrange’s equations do not. A further advantage of
Kane’s method is that the equations are of vector rather than scalar quantities.
By keeping the values in vector form, velocities and accelerations may easily be
expressed in any reference frame, global or local. It was for these reasons that
Kane’s method was chosen for use in the motorcycle models.
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Chapter 4
The Motorcycle Model
This chapter covers the main subject of the thesis; the motorcycle multibody
model. In Chapter 3, reference frames, vector notation, generalised co-ordinates
and speeds were introduced. In this chapter, they are applied to the task of
building the multibody model.
4.1 Introduction
The motorcycle is represented as a multibody system with eleven degree of free-
dom. A multibody system is a set of interconnected rigid or flexible bodies that
may undergo rotational and translational motion. The current model consists of
rigid bodies, and because the bodies do not form a closed loop, it is classified
as an ‘open chain’ or ‘open tree’ structure [1]. The displacements, velocities and
accelerations in the model are represented by vectors, and every vector must be
specified in a particular reference frame, as described in Section 4.4.
4.2 Constraints and degrees of freedom
Huston, 1990 [1] defines constraint equations as follows: “If the motion of the
system is restricted so that there are relations between the co-ordinates that
must be satisfied during the motion, these are called constraint equations”. The
number of degrees of freedom in a multibody system depends on the number
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Ground to wheel
6 d.o.f. = roll, pitch, yaw,
Revolute joints
1 d.o.f. = rotation
Sliding joint
1 d.o.f. = translation
vertical, lateral, longitudinal
Figure 4.1: Bike model degrees of freedom
of bodies and constraints. The degrees of freedom in the motorcycle model are
shown in Fig. 4.1. The rigid bodies and other key points are designated by the
capital letters. They are shown in Fig. 4.2 and listed in Table 4.1.
Swing-arm, B
Rear
Frame, A
Fork lower, C
FrontP
Q
wheel, D
wheel, G
T S
H
Steering axis assembly, F
Steering
Aerodynamic centre
of pressure, R
UV
Figure 4.2: Key points and bodies in the model
A free floating or unconstrained body has six degrees of freedom; translation
in the x, y and z directions and rotation in roll, pitch and yaw. Likewise, each
joint starts out with six degrees of freedom and each constraint placed on the
joint removes one degree of freedom, so the number of degrees of freedom in a
* For the purpose of defining the degrees of freedom, the ground plane must be counted as a
body.
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Point Name
A Main frame centre of mass
B Swing-arm centre of mass
C Fork lower centre of mass
D Rear wheel centre of mass
F Steering assembly centre of mass
G Front wheel centre of mass
H Steering head point
N Ground plane*
P Swing-arm pivot
Q Upper limit of front axle travel
R Aerodynamic centre of pressure
S Front tyre contact point
T Rear tyre contact point
U Front pneumatic trail point
V Rear pneumatic trail point
Table 4.1: Key points in the the multi-body system
Joint Degrees of freedom Constraints
N - G vert, lat, long, roll, pitch, yaw 0
N - D vert, lat, long, roll, pitch, yaw 0
G - C revolute 5
D - B revolute 5
C - F translational 5
F - A revolute 5
B - A revolute 5
Total 25
Table 4.2: Degrees of freedom and constraints
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joint is equal to six minus the number of constraints. Table 4.2. lists the degrees
of freedom and constraints in each joint. In total, there are 25 constraints. The
Gruebler equation calculates the total number of degrees of freedom in the system:
Total d.o.f. = 6× (number of bodies− 1)− number of constraints
= 6(7− 1)− 25
= 11
4.3 Generalised co-ordinates and generalised speeds
The eleven generalised co-ordinates that are state variables in the motorcycle
model are listed in Table 4.3. It is sometimes convenient to use symbols to refer
to certain generalised co-ordinates, especially for readers who are familiar with
other literature in the field. For example, Pacejka [44] and Cossalter [25] both
use δ to represent steering angle and Pacejka uses γ for camber. Fig. 4.3 shows
the generalised co-ordinates that can be viewed in the x− z plane. The x and y
co-ordinates on the ground plane, q7 and q8 and the bike yaw angle q10 are not
shown. It can be seen that the axis convention dictates that the generalised co-
ordinates representing wheel rotation are opposite to the usual rotation direction.
The generalised co-ordinate q1 is the distance between the front axle centre and
the axle position with the front suspension fully compressed. Fig. 4.3 shows one
other important dimension, µ, the pitch angle of the main frame relative to the
ground plane.
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G.C. Symbol Description
q1 Front suspension extension
q2 Swing-arm angle relative to the main frame
q3 Front tyre vertical deflection
q4 Rear tyre vertical deflection
q5 Front wheel rotation angle
q6 Rear wheel rotation angle
q7 x X co-ordinate on the ground plane
q8 y Y co-ordinate on the ground plane
q9 γ Motorcycle roll angle
q10 ψ Motorcycle yaw angle
q11 δ Steering angle
Table 4.3: Generalised co-ordinates
q2
q1−µ
q4 q3
q6 q5
q11
ε
Figure 4.3: Generalised co-ordinates in the x, z plane
4.4 Reference frames
A number of reference frames are used in the model, as shown in Figs. 4.4 and
4.5, and they are denoted by capital letters. Each reference frame has its own
Cartesian co-ordinate system. The unit vectors along the Cartesian axes use the
reference frame letter in lower case with the ‘hat’ symbol ‘ˆ’. The inertial or global
reference frame is N . Fig. 4.4 shows the reference frames that are aligned with
the centre plane of the motorcycle. The symbol denotes a vector pointing
out of the page and denotes the centre of mass of a rigid body. Reference
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frames A and B are aligned with the main frame and swing-arm respectively.
Reference frame E is oriented so that eˆ2 is parallel to the steering axis. Reference
frame M is oriented so that mˆ1 and mˆ3 lie on the ground plane. Fig. 4.5. shows
that mˆ1 is collinear with dˆ1 of the rear wheel reference frame D. The yaw angle
of the bike, ψ, is defined as the angle between nˆ1 and mˆ1, and is positive when
the bike is rotated to the left. The longitudinal dot-dashed line in Fig. 4.5 is the
ground centre-line where the bike centre plane intersects the ground plane. The
angle between these two planes is the roll angle, γ.
Local reference frames are associated with bodies A, B, D, F and G, which
are described in Table 4.1. Reference frame D is the rear wheel reference frame
and is equivalent to reference frame M rotated by the camber angle γ about mˆ1.
Reference frame A is the local reference frame of the main frame of the bike. The
vectors aˆ3 and dˆ3 are parallel, and the angle between vectors aˆ1 and dˆ1 is µ, the
pitch angle of the main frame, which increases in the direction that lifts the front
of the bike. The angle µ is shown in Fig. 4.3. Reference frame B is the local
reference frame of the swing-arm. Vector bˆ3 is parallel to aˆ3 and the generalised
co-ordinate q2 is the angle between vectors bˆ1 and aˆ1, with q2 increasing in the
direction that lifts the front of the swing-arm.
The E reference frame is not associated with any of the rigid bodies, but is
an intermediate reference frame between A and the steering assembly reference
frame F . The angle between aˆ1 and eˆ1 is the steering head angle ε. The steering
assembly consists of the front fork, the handlebars and the rider’s hands and
forearms. Vector eˆ2 is parallel to the steering axis, as is fˆ2. Reference frame F is
E rotated about eˆ2 by the steering angle q11 = δ.
Reference frames A and B are shown in Fig. 4.4 and all other reference frames
are shown in Fig. 4.5. The steering angle is δ, and the steering angle projected
onto the road surface, is δ′. This is known as the kinematic steering angle. The
camber angle of the front wheel relative to the ground plane is γ1. The steering
caster angle ε is defined as the angle between vectors aˆ2 and eˆ2.
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mˆ2
mˆ1
mˆ3
bˆ2
bˆ1bˆ3
aˆ2
aˆ1aˆ3
eˆ2
eˆ1
eˆ3
Figure 4.4: Bike reference frames shown in x, z plane
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eˆ2, fˆ2
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Steering
axis
hˆ1
γ
nˆ1
nˆ2, mˆ2
nˆ3ψ
mˆ3
mˆ1
dˆ3
dˆ1
dˆ2
Figure 4.5: Bike reference frames in three dimensions
4.4.1 Transformations between reference frames
Table 4.4 shows the transformations between reference frames, beginning with the
inertial reference frame N and following sequentially through the bike, linking all
reference frames. The transformations are in terms of generalised co-ordinates q2,
q9, q10 and q11, the main frame pitch angle µ, the steering head angle ε, the kine-
matic steering angle δ′ and the front wheel camber angle γ1. Table 4.4 introduces
40
4.4. Reference frames
nˆ1 nˆ2 nˆ3 mˆ1 mˆ2 mˆ3 dˆ1 dˆ2 dˆ3
mˆ1 c10 0 −s10 dˆ1 1 0 0 aˆ1 cµ sµ 0
mˆ2 0 1 0 dˆ2 0 c9 s9 aˆ2 −sµ cµ 0
mˆ3 s10 0 c10 dˆ3 0 −s9 c9 aˆ3 0 0 1
aˆ1 aˆ2 aˆ3 aˆ1 aˆ2 aˆ3 eˆ1 eˆ2 eˆ3
bˆ1 c2 s2 0 eˆ1 cε sε 0 fˆ1 c11 0 −s11
bˆ2 −s2 c2 0 eˆ2 −sε cε 0 fˆ2 0 1 0
bˆ3 0 0 1 eˆ3 0 0 1 fˆ3 s11 0 c11
fˆ1 fˆ2 fˆ3 gˆ1 gˆ2 gˆ3 hˆ1 hˆ2 hˆ3
gˆ1 cξ −sξ 0 hˆ1 1 0 0 mˆ1 cδ′ 0 sδ′
gˆ2 sξ cξ 0 hˆ2 0 cγ1 −sγ1 mˆ2 0 1 0
gˆ3 0 0 1 hˆ3 0 sγ1 cγ1 mˆ3 −sδ′ 0 cδ′
Table 4.4: Reference frame transformations
one new symbol, ξ. This is the angle through which reference frame F must be
rotated about fˆ3 in order for fˆ1 to be parallel to the ground plane. The relative
positions of the bodies, and therefore the reference frames, depend on the gen-
eralised co-ordinates and the geometry of the motorcycle, so all transformations
between reference frames must be expressed in terms of these. Therefore, expres-
sions must be found for µ, ξ, γ1 and δ
′ in terms of the generalised co-ordinates.
Expressions for ξ, γ1 and δ
′ are derived in the following sections and µ is derived
in Section 4.8.1.
4.4.2 The angle ξ between reference frames F and G
Given the reference frame F , we want to find gˆ1 whose components are given by
gˆ1 = (g1,1, g1,2, g1,3). Because gˆ1 lies on the ground plane, g1,2 = 0. The magnitude
of gˆ1 is unity so
g1,1
2 + g1,3
2 = 1
=⇒ g1,3 =
√
1− g1,12
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gˆ1 and fˆ3 are orthogonal so their dot product is zero
gˆ1 · fˆ3 = 0
=⇒ f3,1g1,1 + f3,2g1,2 + f3,3g1,3 = 0
But gˆ1 lies on the ground plane so g1,2 = 0, therefore
f3,1g1,1 + f3,3g1,3 = 0
f3,1g1,1 + f3,3
√
1− g1,12 = 0
=⇒ g1,1 = ±
√
f3,3
2
f3,1
2 + f3,3
2 + gives the correct orientation
Next, g1,3 is found
f3,1g1,1 + f3,3g1,3 = 0
=⇒ g1,3 = −
f3,1g1,1
f3,3
The relationship between fˆ1 and gˆ1 is shown in Fig. 4.6. The rotation angle ξ is
found by calculating the distance d between the vectors.
fˆ1
gˆ1
O
1
1
ξ
2
ξ
2
d
2
d
2
Figure 4.6: Vectors f1 and g1
The camber angle of the front wheel, γ1 is found in a similar way to ξ. Refer-
ence frame H is created by rotating the G reference frame about gˆ1 until gˆ3 lies
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on the ground plane. For small steering angles
ξ = ε+ µ
cξ = cos(ε+ µ) = cεcµ − sεsµ
sξ = sin(ε+ µ) = sεcµ + cεsµ
4.4.3 The front wheel camber angle γ1 and kinematic steer-
ing angle δ′
~v
mˆ2
γ1
v2mˆ2
vˆ
mˆ1
mˆ3
v3mˆ3
v1mˆ1
(a) (b)
δ′
Figure 4.7: Front wheel camber angle γ1 and kinematic steering angle δ
′
The vector fˆ3 is the unit vector that points to the right along the front axle.
Converting this vector to the M reference frame using the transformations in
Table 4.4 results in the vector:
~v = v1mˆ1 + v2mˆ2 + v3mˆ3
= sin δ cos(+ µ)mˆ1
+ (− cos δ sin γ + cos γ sin δ sin(+ µ))mˆ2
+ cos γ cos δ + sin γ sin δ sin(+ µ)mˆ3 (4.1)
The unit vector ~v is at an angle of γ1 to the ground plane, as shown in Fig. 4.7 (a),
and the vertical component, v2, is the coefficient of mˆ2 in Eqn. (4.1). If the wheel
has positive camber angle, then v2 will be negative, so the sign of v2 is opposite
to that of the camber angle. This results in the equation:
sin γ1 = cos δ sin γ − cos γ sin δ sin(+ µ)
γ1 = arcsin(cos δ sin γ − cos γ sin δ sin(+ µ))
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Eqn. (4.1) also provides the expression for the kinematic steering angle δ′.
Fig. 4.7 (b) is the projection of vector ~v, the front axle, onto the ground plane.
The Kinematic steering angle is the angle that ~v makes with mˆ3, which is the
angle of the front axle with no steering angle applied.
tan δ′ =
v1
v3
=
sin δ cos(+ µ)
cos γ cos δ + sin γ sin δ sin(+ µ)
δ′ = arctan
sin δ cos(+ µ)
cos γ cos δ + sin γ sin δ sin(+ µ)

4.5 Forces and moments in the model
Before explaining the modelling procedure, it is necessary to explain how forces
and moments are handled in the model. Inertial forces and moments arise due to
acceleration and angular acceleration of the masses. All other forces and moments
are termed ‘active’, and Kane’s method treats these separately. The active forces
and moments in the model are as follows:
 Front wheel torque
 Rear wheel torque
 Steering torque
 Forces due to gravitational acceleration
 Crankshaft gyroscopic moments
 Front suspension spring and damping force
 Rear suspension spring and damping torque
 Aerodynamic forces
 Torque arising from drive chain tension
 Note that when the bike is leaned to the right, γ is positive and when the bike is steered to
the right, δ and sin δ are negative.
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 Tyre forces
 Wheel gyroscopic moments
The first three are rider inputs and these, along with forces due to gravity and
crankshaft gyroscopic moments, are the inputs that do not depend on the system
state. Of the other forces and moments, only the wheel gyroscopic moments are
substantially linear, and these are handled within the system A matrix.
The tyre, suspension, aerodynamic and chain forces are non-linear, and lin-
earising them to the extent that they could be included in the A matrix would
reduce the fidelity of the model to an unacceptable extent. It was decided in-
stead to treat the system as a Hammerstein model, that is, a linear model with
a non-linear stage at the input. This approach has some advantages. One is
simplicity; the non-linear forces and moments are calculated and simply placed
in the input vector. The non-linear input blocks are modular and, for example,
a simple spring and damper front suspension model could easily be replaced by
an active suspension system. One disadvantage is that important elements of the
system dynamics are no longer represented in the system A matrix. Of course
this presents an issue when performing analysis using the root locus technique,
for example. It will be shown, however, that this issue can be overcome and root
locus analysis can be carried out in the normal way.
4.5.1 Suspension forces in the model
Vehicle suspension units usually consist of a spring and damper. In suspension
models, the travel and speed of the suspension unit are typically chosen as state
variables. Models are often simplified, and spring and damping forces are treated
as being proportional to the travel and speed respectively. The constants of
proportionality are the spring and damping constants and they reside naturally
in the system A matrix.
Physical systems are not usually so simple. The spring is usually compressed
to some extent at zero suspension travel. This is called preload and it can make
up a significant proportion of the total spring force. So-called top-out springs
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modify the force close to zero suspension travel, and bottom-out springs and
gas pressure may introduce non-linearity close to full travel. Furthermore, the
relationship between wheel travel and suspension unit travel is often non-linear.
The non-linearity of the spring and damping forces may be handled in the
model in a number of different ways. As already mentioned, they may be approx-
imated by using spring and damping constants. A closer approximation to the
spring force may be achieved using the formula F = k(x+ p) = kx+ kp, where x
is the suspension travel, p is the preload and k is the spring constant. In this case,
the constant k would be in the A matrix and kp would be in the input matrix B
or the input vector u. This is unavoidably less tidy and is still a relatively poor
approximation. To achieve the best possible approximation of the spring force,
the constants k and p may be scheduled depending on the system state, so that
they describe a straight line that is tangential to the actual force curve at the
current operating point. This would also work for the damping force.
The approach that has been taken is to move the suspension forces to the
input vector u. This is not ideal from a conceptual viewpoint because the spring
and damping forces are not really system inputs, and it moves the suspension
dynamics outside the A matrix; a fact that must be taken into account when
analysing the system. However, it has the advantages of simplicity and modular-
ity. The suspension forces are calculated as functions of the state variables and
stored during initialisation. It is a then simple matter within the main program
loop to look them up and place them in the input vector. Another advantage of
dealing with the suspension forces as external inputs is that the suspension units
can be treated as separate modules. This makes it easier to incorporate different
models for the suspension units without having to re-model the whole system.
One could even replace them with devices that are more complex than springs
and dampers, such as actuators, as used in ‘active’ suspension systems.
Because dynamic models are not available for the front and rear suspension
systems, they are treated statically. The damping forces used in the model are
assumed to have been measured at a constant damper speed, and no transient
behaviour of the suspension unit is included. The front suspension is the simpler
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of the two because the suspension travel and the wheel travel q1 are one and the
same. Likewise the suspension speed and the rate of change of wheel travel u1. In
this case, a vector of values for wheel travel q1 is used to generate a corresponding
vector containing spring force, and a vector of values for u1 is used to generate
a corresponding vector of damping forces. The front suspension system imparts
equal and opposite forces to the front suspension upper and lower bodies, F and
C. The front suspension forces due to spring and damper are shown in the upper
plots of Fig. 4.8 and 4.9.
Figure 4.8: Front fork spring force vs. fork position. Swing-arm spring torque
(showing non-linearity due to bump rubber) vs. swing-arm angle.
Rear wheel travel is represented by the swing-arm angle q2, and instead of a
force, the rear suspension imparts an equal and opposite torque to the main frame
and swing-arm bodies A and B. The relationship between swing-arm angle q2 and
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Figure 4.9: Front fork damping force vs. fork speed. Swing-arm damping torque
vs. swing-arm angle and shock absorber speed.
the suspension unit travel is governed by a mechanical linkage. The term ‘lever
ratio’ will be used here as the ratio of the shock absorber speed to the tangential
speed of the rear axle. This is also the ratio of the tangential force at the rear
axle to the shock absorber force. Generally, the lever ratio is not constant but
depends on q2, so a vector of lever ratios is generated from a corresponding vector
of q2 values. From the q2 and lever ratio vectors, another vector is calculated for
torque arising from the spring force. These three vectors are stored for use in the
main program loop.
The torque due to rear damping force depends not only on the swing-arm an-
gle q2 but on its angular velocity u2. Therefore a two-dimensional table is needed.
Ideally, a table would be generated giving the damping torque in terms of q2 and
u2, but unfortunately this is not easy to achieve. Suspension manufacturers pro-
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vide tables of damping force as a function of the suspension unit speed. Because
the lever ratio depends on the swing-arm position q2, it is not possible to have
a vector of u2 values that correspond to the damping table indices at all values
of q2. A table of damping-related torques is generated, therefore, using q2 and
suspension unit speed as indices. In the main program loop, the procedure is as
follows. First the lever ratio is calculated for the current value of q2. Then the
suspension unit speed is calculated from u2 and the lever ratio. Using q2 and sus-
pension speed as indices, the damping-related swing-arm torque is interpolated
from the table. The swing-arm torques due to the spring and damping forces are
added and placed in the input vector. The rear suspension torques due to spring
and damper are shown in the lower plots of Fig. 4.8 and 4.9.
4.5.2 The effect of chain tension
T1
FT
−FT
FB
−FB−T1
Figure 4.10: Drive chain forces and torques
Figure 4.10 shows the upper and lower chain runs that transmit torque from
one sprocket to the other. When engine torque is positive, only the upper chain
run is in tension, and equal and opposite forces of magnitude FT are applied
tangentially to the upper part of the sprockets. These tangent points are marked
by dots. When the engine torque is negative, only the lower chain run is in
tension, and equal and opposite forces of magnitude FB are applied at the lower
tangent points of the sprockets. At any given angle of the swing-arm relative to
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the main frame, even though the chain is moving and the sprockets are rotating,
the tangent points are fixed relative to the main frame and swing-arm, and the
chain force acts as though it were applied to the frame and swing-arm at those
points. The equal and opposite forces are analogous to equal and opposite torques
applied to the frame and swing-arm, where the torque is the chain force multiplied
by the perpendicular distance from the chain run to the swing-arm pivot. As the
dimensions from the pivot to the upper and lower chain runs are a function of q2,
they can be calculated and stored during the initialisation phase, and values are
scheduled as needed in the main program loop. In Section 4.5.1, it was explained
how and why the suspension spring and damping forces are treated as inputs and
placed in the input vector u. The torques on the frame and swing-arm due to
chain tension are treated in the same way.
4.5.3 Crankshaft rotation
Crankshaft rotation affects the main frame in two ways. It imparts an inertial
torque in the Y direction proportional to its angular acceleration, and gyroscopic
torque in the X and Z directions, proportional to its angular velocity. Both are
proportional to the Y moment of inertia of the crankshaft. Because these torques
depend on engine speed and its rate of change, which are not state variables, they
are applied in the input vector u.
4.5.4 Wheel rotation
Like the crankshaft, the wheels generate inertial torque in the local Y direction
and gyroscopic torque in the local X and Z directions, and these are proportional
to the Y moment of inertia of the wheel. The inertial torque due to angular
acceleration of the wheel about the axle is treated the same as any other inertial
torque in the system. The gyroscopic torque is applied to the wheel within the
equations of motion and so is represented in the system A matrix. An additional
effect of wheel rotation is that the rotational inertia of the wheels gives rise to
longitudinal tyre shear forces. These are dealt with in Section 4.5.5.
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4.5.5 Drag
The coast-down tests, as described in Section 6.7, provide measurements that al-
low drag to be separated by source; engine, aerodynamic, tyres and other factors.
Section 4.7 describes how engine negative torque is differentiated from the overall
drag. Here, aerodynamic drag and longitudinal tyre force will be separated from
other remaining sources of drag. In the freewheel coast-down test, road speed was
measured as the bike decelerated from high speed due to drag. A second order
polynomial for acceleration in terms of road speed v, as shown in Eqn. (4.2), was
fitted to the data, and this is shown in Fig. 6.27, overlaid on the recorded data.
a = pv2 + qv + r (4.2)
p = −932.95× 10−6 q = −2.91× 10−3 r = −189.67× 10−3
If the total mass of the bike and rider is m, then the drag force is:
F = ma = mpv2 +mqv +mr (4.3)
Eqn. (4.3) gives the inertial force calculated from the negative acceleration and
bike mass, but it does not take into account the fact that the wheels, which
have rotational inertia, are also being forced to decelerate. The negative angular
acceleration of the wheels implies that there are torques acting to slow the wheels,
and these are created by longitudinal shear forces at the tyre contact patches,
which act in the positive X direction. It seems somewhat counterintuitive that
when the bike is freewheeling, the forces at the tyre contact patches act in the
direction to accelerate the bike, but it makes more sense to think of them as the
effect of wheel inertia opposing deceleration. Fig. 4.11 shows these shear forces
generated by the model, plotted against road speed. Second order polynomials
in road speed are a very good fit to the force data and are shown also. Being
second order polynomials in road speed means that they are in a similar form
to Eqn. (4.2), which is an expression for acceleration. Given that they involve a
change in angular acceleration of the wheels, there is a good chance that the shear
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Figure 4.11: Tyre longitudinal slip forces in freewheel, modelled and curve fitted
forces are proportional to the Y moment of inertia of the wheels. In order to test
both these hypotheses, the fitted polynomials for shear force in Fig. 4.11 were
plotted against longitudinal acceleration, M~aA1 . The upper plot in Fig. 4.12 shows
the shear force for the front and rear tyres versus longitudinal acceleration and
clearly, the relationship is linear. In the second plot, the Y moments of inertia of
the wheels have been doubled and the vertical scale for force is doubled, likewise.
It is clear that the shear force has doubled and is therefore proportional to the Y
moment of inertia of the wheel. Plot three in Fig. 4.12 shows the situation when
the mass of the bike is doubled. The bike decelerates from a lower initial rate,
but the slopes of the lines are very similar to the upper plot where the bike mass
is normal. This means that while the shear force is proportional to acceleration
and the moment of inertia of the wheel, it is largely independent of vertical load,
so the Ks constants need to be calculated only once for a given bike and tyre set.
The equation for longitudinal shear force due to the acceleration of the wheels
may be written as:
F = KsIa
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The slopes in the upper plot are −5.377 and −6.395, and the moments of inertia I
are 0.484 kg.m2 and 0.638 kg.m2 for the front and rear tyres respectively, resulting
in constants Ks of −11.11 and −10.02 respectively. Eqn. (4.3) may now be
Figure 4.12: Tyre longitudinal shear force vs. acceleration for different wheel
inertial moments and bike mass
modified by adding the shear forces as follows:
F = mpv2 +mqv +mr +KsfIfa+KsrIra (4.4)
where the subscripts f and r refer to the front and rear wheels. The shear forces
are converted to torques by multiplying by the tyre rolling radii, and the torques
are applied to the wheels in the model. The equation for aerodynamic drag force
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is:
F =
1
2
ρv2CdA (4.5)
Equating the aerodynamic force with the v2 term in Eqn. (4.4) gives:
1
2
ρv2CdA = mpv
2 (4.6)
The coast-down tests were carried out at an air temperature of 10◦C and a pres-
sure of 1004 mb, giving an air density of ρ = 1.235 kg.m−3. The mass of the bike
and rider is 270 kg. Substituting physical values into Eqn. (4.6), and negating p
because F in Eqn. (4.5) is implicitly negative, gives:
CdA = 0.4078
This would be satisfied by a frontal area of A ≈ 0.8 m2 and a drag coefficient of
Cd ≈ 0.5, which are reasonable for the semi-prone riding position used. It is not
really necessary to separate Cd and A for the purposes of the model. The force
in Eqn. (4.6) is applied to the centre of pressure in the model in the negative X
direction. With the terms for aerodynamic and tyre force in Eqn. (4.4) evaluated,
the remaining terms aremqv+mr. Substituting physical values gives the equation
for remaining force; call it Fr:
Fr = mqv +mr (4.7)
= −0.7857v − 51.2
This force is presumed to be due to mechanical drag, which results in front and
rear wheel drag torque. Fr was divided in the ratio of 9 : 1 and converted to front
and rear drag torques Tdf and Tdr using the front and rear tyre radii, Tfz and Trz
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as follows:
Tdf = 0.1FrTfz
Tdr = 0.9FrTrz
These torques are applied to the wheels in the model. The measured road speed
from the freewheel coast-down test is shown in Fig. 4.13 along with the road
speed predicted by the model.
Figure 4.13: Freewheel coast-down test. Road speed, measured and simulated
by the model
4.6 Rider body position
(a) (b) (c)
Figure 4.14: Tyre contact patch shape at various camber angles
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As the rider leans the bike over, the tyre contact patches migrate towards the
edge of the tyres. Up to the point where the contact patch reaches the edge of the
tyre, the shape and area remain more or less unchanged, as shown in Fig. 4.14 (a).
At a certain camber angle, the contact patch reaches the edge of the tread and
begins to change shape, as shown in (b). Any further increase in camber results
in further distortion of the contact patch shape and a progressive reduction in
contact area as shown in (c), so in order to maintain contact patch area, the rider
must limit the roll angle of the motorcycle. On the other hand, to achieve the
highest possible road speed, the centre of mass of the motorcycle and rider must
move as far as possible towards the inside of the turn by achieving the highest
possible roll angle. These competing requirements are optimised if the rider’s
centre of mass is shifted as far as possible from the central plane of the bike,
towards the inside of the turn, so that the roll angle of the combined mass centre
exceeds that of the bike to the greatest extent possible.
az
ay
θ
IMU
C
Z
γ
R
W
az
ar
ay
θ
Ty
Y
dˆ2
dˆ3
Figure 4.15: Cross-section of the motorcycle at high roll angle
Fig. 4.15 shows the silhouette of a motorcycle leaning over. It can be visualised
as a cross-section of the bike and rider at the position of the combined centre of
mass, which is indicated by the symbol . The point W indicates where
the line of the wheelbase, i.e. the line joining the front and rear tyre contact
points, intersects the page. The dashed line, C, marks the central plane of the
motorcycle, with the roll angle denoted by γ. Line Z is parallel to C and passes
56
4.6. Rider body position
through the wheelbase line. Line R passes through the combined mass centre
and the wheelbase, so it is collinear with the resultant acceleration vector due
to centripetal and gravitational acceleration, ar. This line is at an angle θ to
line Z. The inertial measurement unit (IMU) is shown, along with the measured
accelerations ay and az. The inset vector diagram shows that θ, and therefore
the lateral offset Y , of the combined centre of mass, may be calculated from the
accelerometer measurements as follows:
tan θ =
ay
az
=
Y − Ty
Z
Y = Ty + Z
ay
az
(4.8)
where Ty is the lateral offset due to the combined front and rear tyre profiles, and
Z is the vertical height of the combined mass centre above the wheelbase line in
the D reference frame. The lateral offset of the combined mass centre is:
Y =
MAAy +MBBy +MCCy +MDDy +MFFy +MGGy
MM
(4.9)
MM is the total mass of the motorcycle and rider. But the lateral offsets of all
bodies other than A are assumed to be zero, so:
Y =
MAAy
MM
(4.10)
Combining Eqns. (4.8) and (4.10) gives:
Ty + Z
ay
az
=
MAAy
MM
or
Ay =
MM
MA
(
Ty + Z
ay
az
)
(4.11)
Ay is the lateral offset of the mass centre of body A, caused by the rider’s weight
shifting towards the inside or the corner. Z is calculated in a similar way to Y
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in Eqn. (4.9):
Z =
MAAz +MBBz +MCCz +MDDz +MFFz +MGGz
MM
where Az, etc. are the vertical heights of the masses above the wheelbase line in
reference frame D.
Figure 4.16: Cross-correlation of IMU data with engine speed
Unfortunately, the data recorded from the IMU accelerometers was sub-optimal.
Fig. 4.16 shows the non-normalised cross-correlation of the IMU accelerometer
and rate gyro signals with engine speed. Clearly, engine speed is present in all
accelerometer signals to a large degree, with the Z accelerometer being the worst.
The Y and Z accelerometer data is shown in Fig. 4.17, along with engine
speed and throttle position in the third plot. The Y accelerometer data would
be expected to lie in the approximate range of ±3 ms−2. In certain sections, it
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Figure 4.17: Accelerometer signals from track test
appears to behave well, but in others, it contains much higher values. These
sections are shaded, and it can be seen that the bad data corresponds to parts
of the track where the engine speed is high. It seems likely that in spite of the
precautions explained in Section 6.6.4, the bracket on which the IMU is mounted
resonates at high engine speed. The Z accelerometer, which cross-correlation
shows to contain the most engine speed information, should not experience accel-
eration values that are continuously less than 9.81 ms−2. Values lower than this
are to be expected for short durations when cresting a hill or during direction
changes, as seen in Fig. 4.17 at around 30 and 70 seconds. It would be expected
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Figure 4.18: Amplitude spectrum of Y accelerometer signal from 36.4 to 36.65
seconds
that when the bike is upright, the average value would vary a little above and
below that value due to bumps. In fact, in the shaded areas, the Z acceleration
is unrealistically low for long periods.
Fig. 4.18 shows the amplitude spectrum of a Discrete Fourier Transform
(DFT) of the Y accelerometer data in a 0.25 second window, starting at time
36.4 seconds. The mean engine speed in this window is 12, 670 revolutions per
minute (rpm), or 211.2 Hz. It can be seen that the harmonic at half engine speed
is more significant than the fundamental frequency. Two notch filters were used,
whose coefficients vary with engine speed, one at the fundamental frequency and
one at half that frequency. The amplitude spectrum of the filtered data is shown
in Fig. 4.18, and it is clear that the filters remove the peaks, as designed. Unfor-
tunately, cross-correlation of the notch filtered signals with engine speed show no
perceptible difference to the unfiltered versions. The reason can be surmised by
looking at the time series data in Fig. 4.17. The errors in the IMU signals in the
shaded areas show a large low frequency component, and this is the frequency
range that contains the dynamic behaviour of the motorcycle.
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Unfortunately therefore, the recorded data for ay and az is not useable to
determine Ay in Eqn. (4.11), and it was impossible to repeat the track test with
a better IMU mounting arrangement, so a ‘Plan B’ is needed. It was decided to
simulate the accelerations ay and az by creating surrogate channels. The lateral
displacement of the rider’s body is related to roll angle, so scaled roll angle data
was overlaid on the Y acceleration signal and the scaling factor adjusted while
checking the areas of ‘good’ data to determine the optimal match. The result
was the surrogate channel for lateral acceleration:
a′y = 1.9 q9
and this is shown in the first plot in Fig. 4.17. The surrogate channel for
ar
ac
ay
az
g
Mass centre
φ
Figure 4.19: Vector diagram of cornering acceleration
az is calculated as follows, using the vector diagram in Fig. 4.19. The circle
represents the centre of mass for the combined bike and rider, ay and az are the
Y and Z accelerations measured by the IMU, ac is centripetal acceleration, g
is gravitational acceleration, ar is the resultant of centripetal and gravitational
acceleration, v is the road speed of the bike and ω is the angular velocity of the
bike. Then:
ac = vω
φ = arctan
ac
g
ar =
g
cosφ
a′z =
√
a2r − a2y
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This calculation assumes that the angular acceleration of the bike is entirely due
to cornering, and that there is no local rotation due to sliding. This is not ideal
but it is part of a work-around for sub-optimal data. The surrogate channel a′z is
shown in the second plot in Fig. 4.17. It can be seen that a′z is a good fit for az in
the areas of ‘good’ data. There is some noise on the yaw rate ω, and this appears
on a′z, but the measured az channel will contain noise due to road irregularity,
even when the IMU is optimally mounted.
4.7 Engine Torque
Engine torque is a function of engine speed and throttle position. The CBR600RR
has been raced extensively and many companies have measured the engine power
at wide open throttle so it was not difficult to obtain this data. Power is typically
measured in kilowatts (kW) or brake horsepower (BHP), with ‘brake’ referring
to the dynamometer which applies a load to the engine in order to measure the
power. It is proportional to torque multiplied by engine speed. Output torque
from the engine is made up of the torque created by the combustion process
and negative torque, which is created by frictional and pumping losses. Negative
torque depends on engine speed. This negative torque was measured by coast-
down testing, which is measuring the deceleration of the bike under the influence
of various drag forces. Two coast-down tests were performed as described in
Section 6.7. In one test, the throttle was closed at maximum engine speed in 4th
gear the bike was allowed to slow down to 3,000 rpm. In the second test, the bike
was allowed to freewheel with the clutch disengaged over a similar speed range.
Engine frictional torque was estimated from the 4th gear test data. First,
the aerodynamic, tyre and other drag parameters were set, as explained in Sec-
tion 4.5.5, so that the model behaviour matches the freewheel coast-down test.
It was initially assumed that engine drag torque is proportional to engine speed,
so a hypothetical torque character at closed throttle was constructed by making
an initial estimate of torque values at 4,000 and 15,500 rpm. These engine speeds
 The throttle was closed when the engine speed limiter began to activate.
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are the lowest and highest in the full throttle torque table. Torque values be-
tween these engine speeds were interpolated. The 4th gear coast-down test was
then modelled, and the low and high speed torque values were adjusted until the
modelled engine speed optimally matched the actual engine speed. The upper
plot in Fig. 7.2 shows the match that was obtained, so the assumption that drag
torque is proportional to engine speed is validated. Fig. 4.20 shows the resulting
Figure 4.20: Engine torque, wide open throttle and fully closed
negative torque at closed throttle along with the wide open throttle torque curve.
With the wide open throttle and fully closed throttle torque curves established,
what remains is to estimate the part throttle torque. No direct information
was available on the relationship between throttle position and torque for the
CBR600RR, so a typical characteristic curve from vehicle dynamics company
OptimumG [45] was selected, and is shown in Fig. 4.21. Using this curve, the
part throttle torque table was interpolated and this us shown in Fig. 4.22. Torque
values in the model are interpolated from the torque table using engine speed and
throttle position as indices.
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Figure 4.21: Percentage of engine torque vs. throttle position (typical)
Figure 4.22: Engine torque map
4.8 Main frame position in terms of the state
variables
In order to perform the multi-body analysis, the positions and orientations of
the bodies must be found in terms of the state variables, i.e. the generalised co-
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ordinates q1, . . . , q11, which are listed in Table. 4.3. The main frame, A, is chosen
as the ‘primary body’, and its position and orientation are found as functions of
the state variables. The position of the main frame is calculated relative to the
rear tyre contact point with the ground plane, so to find its true position, the
generalised co-ordinates q7 and q8, the X and Y co-ordinates of the bike, must be
included. The positions and orientations of the other bodies may then be found
relative to the main frame. The generalised co-ordinates describing the position
and orientation of the main frame are shown in Table 4.5. The table includes
two extra generalised co-ordinates, q18 and q19, which represent the wheelbase and
trail respectively. These need to be calculated as intermediate steps in calculating
q13 and q17, and are useful model outputs in their own right.
Generalised co-ord Description
q12 Main frame roll angle
q13 Main frame yaw angle
q14 Main frame pitch angle
q15 Main frame x position
q16 Main frame z position
q17 Main frame y position
q18 Wheelbase
q19 Trail
Table 4.5: Generalised co-ords describing main frame position
In examining the frame position and orientation, the range of the state vari-
ables is important. Some, like suspension positions, have clearly defined limits,
while others do not. Fig. 4.23 plots steering angle versus roll angle for two laps of
Nutts Corner race track. The range of steering angle at maximum roll is within
±3◦, even on the slowest corner, which stands out from the others on the right of
the plot. The plot is approximately cross shaped with most of the higher steering
angles occurring close to the upright position as the rider counter-steers. In the
following sections, a roll angle range of ±60◦ and steering angle range of ±10◦ are
used, so as to take into account situations outside the range of race track testing,
though it is noted that at normal road or racing speeds, high roll and steering
angles never occur simultaneously. One interesting feature of Fig. 4.23 is that it
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Figure 4.23: Measured steering angle versus camber angle
shows the consistency of a good rider. In many places, the traces from both laps
are virtually identical. This consistency is one factor that allows the best riders
to stay close to the performance limit.
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4.8.1 Frame pitch angle µ = q14 as a function of q1 . . . q13
Bx
Bz
Ra
ε
Cx
Cz
Qz
Qx
Pz
Px
Hx
Hz
TRz
TFz
ST
Figure 4.24: Bike dimensions in x, z plane
The vector path from the rear tyre point A in Fig. 4.25 to the equivalent front
tyre point is given by the following expression:
T ′Rzdˆ2 +Rabˆ1 + (Px +Hx)aˆ1 + (Pz +Hz)aˆ2 +Qxfˆ1 − (−Qz + q1)fˆ2 − T ′Fzgˆ2
(4.12)
T ′Rz and the equivalent dimension for the front tyre, T
′
Fz are easy to calculate
dˆ3
dˆ2
mˆ2
mˆ3
TRy
TRz Axle
q4
T ′Rz
A
Figure 4.25: Rear tyre dimensions
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geometrically:
T ′Rz = TRz + TRy tan γ −
q4
cos γ
T ′Fz = TFz + TFy tan γ1 −
q3
cos γ1
(4.13)
Referring to Table 4.4, the reference frame conversions to the D reference frame
are as follows
aˆ1
aˆ2
aˆ3
 =

cµ sµ 0
−sµ cµ 0
0 0 1


dˆ1
dˆ2
dˆ3


bˆ1
bˆ2
bˆ3
 =

c2 s2 0
−s2 c2 0
0 0 1


aˆ1
aˆ2
aˆ3
 =

c2cµ − s2sµ s2cµ + c2sµ 0
−s2cµ − c2sµ c2cµ − s2sµ 0
0 0 1


dˆ1
dˆ2
dˆ3


eˆ1
eˆ2
eˆ3
 =

cε sε 0
−sε cε 0
0 0 1


aˆ1
aˆ2
aˆ3
 =

cµcε − sµsε sµcε + cµsε 0
−sµcε − cµsε cµcε − sµsε 0
0 0 1


dˆ1
dˆ2
dˆ3


fˆ1
fˆ2
fˆ3
 =

c11 0 −s11
0 1 0
s11 0 c11


eˆ1
eˆ2
eˆ3
 =

c11(cµcε − sµsε) c11(sµcε + cµsε) −s11
−sµcε − cµsε cµcε − sµsε 0
s11(cµcε − sµsε) s11(sµcε + cµsε) c11


dˆ1
dˆ2
dˆ3


mˆ1
mˆ2
mˆ3
 =

1 0 0
0 c9 −s9
0 s9 c9


dˆ1
dˆ2
dˆ3

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
hˆ1
hˆ2
hˆ3
 =

cδ′ 0 −sδ′
0 1 0
sδ′ 0 cδ′


mˆ1
mˆ2
mˆ3
 =

cδ′ −s9sδ′ −c9sδ′
0 c9 −s9
sδ′ s9cδ′ c9cδ′


dˆ1
dˆ2
dˆ3


gˆ1
gˆ2
gˆ3
 =

1 0 0
0 cγ1 sγ1
0 −sγ1 cγ1


hˆ1
hˆ2
hˆ3
 =

cδ′ −s9sδ′ −c9sδ′
sγ1sδ′ c9cγ1 + s9cδ′sγ1 c9cδ′sγ1 − s9cγ1
cγ1sδ′ s9cγ1cδ′ − c9sγ1 c9cγ1cδ′ + s9sγ1


dˆ1
dˆ2
dˆ3

The vectors in Eqn. (4.12) will be converted to the D reference frame using the
conversion matrices above, and the dˆ2 vector components will be summed to zero.
The dˆ1 and dˆ3 vectors are disregarded. The most convenient way do this is to zero
the dˆ1 and dˆ3 vector components in the conversion matrices before substituting
them into Eqn. (4.12). Eliminating the first and third columns in the conversion
matrices results in the following conversions:
aˆ1
aˆ2
aˆ3
 =

0 sµ 0
0 cµ 0
0 0 0


dˆ1
dˆ2
dˆ3


bˆ1
bˆ2
bˆ3
 =

0 s2cµ + c2sµ 0
0 c2cµ − s2sµ 0
0 0 0


dˆ1
dˆ2
dˆ3


fˆ1
fˆ2
fˆ3
 =

0 c11(sµcε + cµsε) 0
0 cµcε − sµsε 0
0 s11(sµcε + cµsε) 0


dˆ1
dˆ2
dˆ3

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
gˆ1
gˆ2
gˆ3
 =

0 −s9sδ′ 0
0 c9cγ1 + s9cδ′sγ1 0
0 s9cγ1cδ′ − c9sγ1 0


dˆ1
dˆ2
dˆ3

The dˆ2 components of the vectors in Eqn. (4.12) are therefore:
aˆ1 =sµdˆ2 (4.14)
aˆ2 =cµdˆ2 (4.15)
bˆ1 =(s2cµ + c2sµ)dˆ2 (4.16)
fˆ1 =c11(sµcε + cµsε)dˆ2
fˆ2 =(cµcε − sµsε)dˆ2
gˆ2 =(c9cγ1 + s9cδ′sγ1)dˆ2
Also,
δ′ ≈ arctan
(
cos(+ µ) tan δ
c9
)
Substituting the above values into Eqn. (4.12) and setting it equal to zero, and
dividing by dˆ2 gives:
Ra sin(µ+ q2) + cδQx(csµ + cµs) + (Qz − q1)(ccµ − sµs) + sµ(Hx + Px)
+ cµ(Hz + Pz) + T
′
Rz − T ′Fz
(
sγ1s9√
c2 tan
2 δ sec2 q9 + 1
+ cγ1c9
)
= 0
The expression in brackets at the end is the extent to which T ′Fz is altered by the
fact that the front and rear wheel cambers angles are not exactly the same. As
the steering angle δ is typically low at road speeds, it can be assumed that the
wheels have approximately the same camber, i.e. γ1 ≈ q9 and tan2 δ ≈ 0, so the
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bracketed expressions becomes 1. The equation becomes:
cµ(Ras2 +Hz + Pz + c(Qz − q1) +Qxcδs)
+ sµ(Rac2 +Hx + Px + ccδQx − s(Qz − q1))
+ T ′Rz − T ′Fz = 0
Next, µ lies in the approximate range of ±5◦,§ so sµ ≈ µ and cµ ≈ 1. Making
these substitutions, gives the final equation for µ.
µ =
−Ras2 −Hz − Pz − c(Qz − q1)−Qxcδs − T ′Rz + T ′Fz
Rac2 +Hx + Px + ccδQx − s(Qz − q1)
Substituting Eqns. (4.13) gives:
q14 = µ =
−Ras2 −Hz − Pz − c(Qz − q1)−Qxcδs
+ TFz − TRz + tan q9(TFy − TRy) + q4−q3c9
Rac2 +Hx + Px + ccδQx − s(Qz − q1)
(4.17)
Slope = Hn
q14
qnqn0
H = q140
H0
Figure 4.26: Linearisation notation
The pitch angle q14 is expanded about the linearisation point
(
q10 , q20 , q30 , q40 , q90 , q110
)
by performing a first order Taylor series expansion for each variable. Performing
the expansion for q1 about q10 while setting q2 = q20 , . . . q11 = q110 results in an
§ If the range of µ is not centred close to 0, a rotational transformation may be applied to the
dimensions of the main frame to change its ‘base’ angle.
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equation of the form
q14 = H +H1(q1 − q10)
Doing the same for q2 results in
q14 = H +H2(q2 − q20)
Likewise for all the other variables. H is the value of q16 at the linearisation
point and so is the offset common to the Taylor series expansions for each vari-
able. Combining all the individual Taylor series expansions gives an overall ap-
proximation for q14. The constant H appears only once, because it is the overall
offset.
q14 =H +H1(q1 − q10) +H2(q2 − q20) +H3(q3 − q30) +H4(q4 − q40)
+H9(q9 − q90) +H11(q11 − q110)
The pitch angle does not depend on the wheel rotation angles, the position of the
bike on the ground plane or the yaw angle of the bike, so the state variables q5,
q6, q7, q8 and q10 are not present. The expansions for q3, q4 and q11 are performed
about zero so the equation becomes:
q14 =H +H1(q1 − q10) +H2(q2 − q20) +H3q3 +H4q4 +H9(q9 − q90) +H11q11
If:
H0 = H −H1q10 −H2q20 −H9q90
then:
q14 =H0 +H1q1 +H2q2 +H3q3 +H4q4 +H9q9 +H11q11 (4.18)
where:
72
4.8. Main frame position in terms of the state variables
H = −Ras2 + c(Qz − q1) + tan q9(TRy − TFy)− TFz +Hz + Pz +Qxc11s + TRz
W0
H1 =
c(Rac2 +Hx + Px) + s(Ras2 + tan q9(TRy − TFy)
− TFz +Hz + Pz +Qxc11s + TRz) + c2Qxc11
W 20
H2 =
Ra(−Ra − s2(c(Qz − q1)− TFz +Hz + Pz +Qxc11s + TRz)
− c2(cQxc11 +Hx + s(q1 −Qz) + Px) + tan q9(TFy − TRy)s2)
W 20
H3 = −
sec q9
W0
H4 =
sec q9
W0
H9 =
sec2 q9(TFy − TRy)
W0
H11 =
Qxs11(−c(Ras2 + tan q9(TRy − TFy)− TFz +Hz + Pz + TRz)
+ s(Rac2 +Hx + s(q1 −Qz) + Px) + c2(q1 −Qz))
W 20
W0 = c2Ra + cc11Qx +Hx + Px + s(q1 −Qz)
W0 happens to be the wheelbase of the bike at the linearisation point, projected
onto the dˆ1, dˆ2 plane. Exact and linearised values of the pitch angle q16, from
Eqns. (4.17) and (4.18) are plotted in Fig. 4.27. In order to show the effectiveness
of the linearisation process, all plots are with the bike at 60◦ roll angle and 10◦
steering angle except as stated in the last two plots.
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Figure 4.27: Frame pitch angle as a function of q1, q2, q3, q4, q9 and q11
H0, . . . , H11 have been introduced as the state variables coefficients in Eqn. (4.18),
which is the linearised function for the pitch angle q14. The other orientations and
displacements of body A are described in a similar way in the following sections.
Each orientation and displacement has its own set of coefficients and these are
listed in Table 4.6.
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4.8.2 Frame x position q15 as a function of q1 . . . q11
Expressions are needed for the x and y co-ordinates of the main frame mass
centre in the D reference frame, relative to the rear tyre contact point. Using
Eqn. (4.12), an expression may be written for the vector path from the rear
contact point T to body A.
~TA = T ′Rzdˆ2 +Rabˆ1 + Pxaˆ1 + Pzaˆ2 (4.19)
This must be converted to the D reference frame, and all vector components
except dˆ1 are then disregarded. The expressions for aˆ1, aˆ2 and bˆ1 in terms of dˆ1
from Eqns. (4.22), (4.23) and (4.24) are substituted, resulting in an expression
for the x position:
~TA = Ra(c2cµ − s2sµ)dˆ1 + Pxcµdˆ1 − Pzsµdˆ1
Using generalised co-ordinates, the magnitude is:
x = Ra(c2c14 − s2s14) + Pxc14 − Pzs14 (4.20)
This expression for x is linearised in the same way as q14 in Section 4.8.1. In
fact, x is a function of q14 and the coefficients J , J1, J2, J3, J4, J9 and J11 are
considerably more complex than the H coefficients of q14. For that reason, they
are not reproduced here, but Fig. 4.28 shows the actual and linearised character
of x in terms of q1, q2, q3, q4, q9 and q11. As x is being regarded in the local D
reference frame, the other state variables are irrelevant.
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Figure 4.28: Frame X position from rear tyre contact point as a function of q1,
q2, q3, q4, q9 and q11
4.8.3 Frame z position q16 as a function of q1 . . . q11
The procedure to find the z co-ordinate of the main frame mass centre in the D
reference frame begins with Eqn. (4.19). All unit vectors are converted to the
D reference frame and only the dˆ2 components are used. The expressions for
aˆ1, aˆ2 and bˆ1 in terms of dˆ2 from Eqns. (4.14), (4.15) and (4.16) are substituted,
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resulting in an expression for the z position:
~z = T ′Rzdˆ2 +Ra(s2cµ + c2sµ)dˆ2 + Pxsµdˆ2 + Pzcµdˆ2
Expanding T ′Rz according to Eqn. (4.13), and using generalised co-ordinates, the
magnitude is:
z = TRz + TRy tan q9 −
q4
c9
+Ra(s2c14 + c2s14) + Pxs14 + Pzc14 (4.21)
The expression for z is linearised using the same procedure as before. The K
coefficients are complex and are not shown here, but Fig. 4.29 shows the actual
and linearised behaviour.
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Figure 4.29: Frame Z position from rear tyre contact point as a function of q1,
q2, q3, q4, q9 and q11
4.8.4 Wheelbase q18 as a function of q1 . . . q11
In Section 4.8.1, the vector path from the rear tyre contact point to the front
was given in Eqns. (4.12) and (4.13), which are shown again below. To find the
frame pitch angle, only the vertical dˆ2 component was considered. To calculate
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the wheelbase, only the longitudinal dˆ1 component will be used.
T ′Rzdˆ2 +Rabˆ1 + (Px +Hx)aˆ1 + (Pz +Hz)aˆ2 +Qxfˆ1 − (−Qz + q1)fˆ2 − T ′Fzgˆ2
(4.12)
T ′Rz = TRz + TRy tan γ −
q4
cos γ
T ′Fz = TFz + TFy tan γ1 −
q3
cos γ1
(4.13)
and the vector transformations are the same as in Section 4.8.1. Eliminating
the second and third columns in the conversion matrices results in the following
conversions: 
aˆ1
aˆ2
aˆ3
 =

cµ 0 0
−sµ 0 0
0 0 0


dˆ1
dˆ2
dˆ3


bˆ1
bˆ2
bˆ3
 =

c2cµ − s2sµ 0 0
−s2cµ − c2sµ 0 0
0 0 0


dˆ1
dˆ2
dˆ3


fˆ1
fˆ2
fˆ3
 =

c11(cµcε − sµsε) 0 0
−sµcε − cµsε 0 0
−s11(sµsε − cµcε) 0 0


dˆ1
dˆ2
dˆ3


gˆ1
gˆ2
gˆ3
 =

cδ′ 0 0
sγ1sδ′ 0 0
cγ1sδ′ 0 0


dˆ1
dˆ2
dˆ3

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The dˆ1 components of the vectors in Eqn. (4.12) are therefore:
aˆ1 =cµdˆ1 (4.22)
aˆ2 =− sµdˆ1 (4.23)
bˆ1 =(c2cµ − s2sµ)dˆ1 (4.24)
fˆ1 =c11(cµcε − sµsε)dˆ1
fˆ2 =(−sµcε − cµsε)dˆ1
gˆ2 =sγ1sδ′ dˆ1
These values are substituted into Eqn. (4.12) to give an expression for the vector
from the rear contact point to the front:
~W = (Ra(c2cµ − s2sµ) + (Px +Hx)cµ − (Pz +Hz)sµ
+Qxc11(cµcε − sµsε) + (−Qz + q1)(sµcε + cµsε))dˆ1
The magnitude of ~W is the wheelbase length and is shown here in terms of the
generalised co-ordinates:
q18 = Ra(c2c14 − s2s14) + (Px +Hx)c14 − (Pz +Hz)s14
+Qxc11(c14cε − s14sε) + (−Qz + q1)(s14cε + c14sε)
4.8.5 Trail q19 as a function of q1 . . . q11
The following expression for trail in the front wheel reference frame G may be
found from Fig. 4.30:
q19 =
TFz sin(µ+ ε)−Qx
cos(µ+ ε)
µ = q14
=
TFz(s14cε + c14sε)−Qx
c14cε − s14sε
(4.25)
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Qx
q19
µ+ ε TFz
Steering axis
Front fork
Figure 4.30: Front wheel trail
The pitch angle µ = q14 is typically
¶ in the ±5◦ range so the following approxi-
mations may be made:
s14 = q14 c14 = 1
The resulting equation for q19 is:
q19 =
TFz(q14cε + sε)−Qx
cε − q14sε
4.8.6 Frame yaw angle q13 as a function of q1 . . . q11
The first step in calculating yaw angle is to find the lateral offset of the front
contact point. Once again, the starting point is the vector path from the rear
tyre contact point to the front, in Eqns. (4.12) and (4.13). These are shown again
below. To find the lateral offset, only the transverse component, dˆ3, will be used.
T ′Rzdˆ2 +Rabˆ1 + (Px +Hx)aˆ1 + (Pz +Hz)aˆ2 +Qxfˆ1 − (−Qz + q1)fˆ2 − T ′Fzgˆ2
(4.12)
¶ If the range of µ is not centred close to 0, a rotational transformation may be applied to the
dimensions of the main frame to change its ‘base’ angle.
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T ′Rz = TRz + TRy tan γ −
q4
cos γ
T ′Fz = TFz + TFy tan γ1 −
q3
cos γ1
(4.13)
and the vector transformations are the same as in Section 4.8.1. Eliminating
the first and second columns in the conversion matrices results in the following
conversions: 
aˆ1
aˆ2
aˆ3
 =

0 0 0
0 0 0
0 0 1


dˆ1
dˆ2
dˆ3


bˆ1
bˆ2
bˆ3
 =

0 0 0
0 0 0
0 0 1


dˆ1
dˆ2
dˆ3


fˆ1
fˆ2
fˆ3
 =

0 0 −s11
0 0 0
0 0 c11


dˆ1
dˆ2
dˆ3


gˆ1
gˆ2
gˆ3


0 0 −c9sδ′
0 0 c9cδ′sγ1 − s9cγ1
0 0 c9cγ1cδ′ + s9sγ1


dˆ1
dˆ2
dˆ3

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The dˆ3 components of the vectors in Eqn. (4.12) are therefore:
aˆ1 =0
aˆ2 =0
bˆ1 =0
fˆ1 =− s11dˆ3
fˆ2 =0
gˆ2 =(c9cδ′sγ1 − s9cγ1)dˆ3
These values are substituted into Eqn. (4.12) to give the vector for the lateral
offset of the front tyre contact point relative to the rear.
~y′1 = −Qxs11dˆ3 −
(
TFz + TFy tan γ1 −
q3
cos γ1
)
(c9cδ′sγ1 − s9cγ1)dˆ3
Assuming that the camber angles of the front and rear tyres are very similar, i.e.
γ1 ≈ γ = q9, then:
~y′1 = −Qxs11dˆ3 +
(
TFz + TFy tan q9 −
q3
c9
)
s9c9(1− cδ′)dˆ3
This is the offset of the front tyre contact point relative to the rear, so if the
contact points remain in line, the movement of the front of the bike at the front
contact point is the same distance in the opposite direction, or:
~y1 = Qxs11dˆ3 −
(
TFz + TFy tan q9 −
q3
c9
)
s9c9(1− cδ′)dˆ3
At non-zero roll angle, the vertical contact patch deflection must also be taken
into account. If the bike were lying on its right side, the lateral offset of the front
axle relative to the rear would be q3 − q4. Taking roll angle into account, the
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lateral offset becomes:
~y2 = s9(q3 − q4)dˆ3
and the overall lateral displacement is:
~y = ~y1 + ~y2 =
(
Qxs11 −
(
TFz + TFy tan q9 −
q3
c9
)
s9c9(1− cδ′) + s9(q3 − q4)
)
dˆ3
The frame yaw angle q13 is:
q13 = arctan
y
q18
≈ y
q18
because the angle is small
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Figure 4.31: Frame yaw angle as a function of q1, q2, q3, q4, q9 and q11
4.8.7 Frame y position q17 as a function of q1 . . . q11
The y co-ordinate of the main frame mass centre is simply the x co-ordinate
multiplied by minus the yaw angle, plus the lateral offset due to deflection of the
rear tyre contact patch. All of the components have already been calculated.
q17 = −q13 q15 + q4 s9
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Figure 4.32: Frame Y position from rear tyre contact point as a function of q1,
q2, q3, q4, q9 and q11
4.8.8 Concluding remarks on the main frame position
In the previous sections, the orientation and position of the main frame has
been expressed in terms of the relevant state variables, and the linearity of
the relationship between each degree of freedom and each state variable was
examined. The calculations have included the effects of tyre profile. In each
case, linearisation has been carried out using a first order Taylor series expansion
 Frame position and orientation is independent of many of the state variables.
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about the middle of the working range of each state variable. The viability of
linearising the relationships is examined by plotting the actual relationships along
with the linearised version. It is clear from Figs. 4.27, 4.28 and 4.29 that roll
angle cannot be linearised about a single linearisation point as the relationships
between roll and each of µ, X and Z are highly non-linear. During initialisation,
the linearisation constants must be calculated and stored for a range of roll angles
and the values scheduled during run-time. This applies to all of the constants,
and not just the ones related to roll angle.
Figs. 4.31 and 4.32 show that the yaw angle and Y position of body A are non-
linear with respect to steering angle δ (= q11). The graphs cover the range of roll
angles ±60◦ and steering angles ±10◦ so as to show a range greater than would be
expected for road and track conditions. Fig. 4.23 plots measured steering angle
versus roll angle for two laps of Nutts Corner circuit. Even on a slow track with a
minimum speed of less than 14 m/s, the steering angle is rarely outside the range
±4◦, and even less at high roll angles. Taking this into account, the non-linearity
due to steering angle, as shown in Figs. 4.31 and 4.32 becomes acceptable, and
the linearised functions for steering were used.
Because the linearisation constants are calculated locally in the D reference
frame and then transformed to the N reference frame, they do not take into
account roll and yaw of the D reference frame itself within the N reference frame.
The roll aspect has been handled by calculating and storing the constants for a
range of roll angles during initialisation, and then scheduling the values on each
pass through the main program loop. Yaw is handled by calculating the G10 and
H10 coefficients as follows:
G10 = c9 H10 = −s9
So, if the bike is upright, then its pitch rate (the H coefficients) is unaffected by
the global yaw rate u10, but if it leaned over at 90
◦ to the right, then its local
pitch axis is aligned with the global yaw axis and it is pitching at minus the yaw
rate. In the case of yaw, (the G coefficients), when the bike is upright, the local
and global yaw axes coincide and the local and global yaw rates are the same,
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but if the bike is again leaned over at 90◦ to the right, then the global yaw rate
has no effect on the local yaw.
4.9 Sampling rate
Figure 4.33: The effect of different sampling rates
Before beginning the modelling procedure, the sampling rate should be dis-
cussed. Every data channel was recorded at 800 Hz, and it was hoped to run the
model at a lower rate by sub-sampling the recorded data. However, the magni-
tude of the largest real negative eigenvalue was 373.3, giving a Nyquist frequency
of 746.6 Hz, so it was necessary to run the model at the full 800 Hz sampling rate.
Fig. 4.33 shows the front suspension position q1, swing-arm angle q2 and tyre de-
flections q3 and q4. The left plot was obtained by running the model at 400 Hz
and the right plot was obtained at 800 Hz. The limits of suspension travel are
imposed by increasing the spring rates greatly, to mimic the effect of the rubber
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bumpers which limit the physical travel. The effect of the lower sample rate can
be seen on the swing-arm angle q2 where it enters the higher spring rate during
top-out. The fast dynamics associated with the high spring rate cause the esti-
mated rear suspension position to vibrate at high frequency, and this vibration
is propagated to the tyre deflections, which also have fast dynamics due to high
spring rates. The performance of the model when run at 800 Hz is acceptable.
Using a variable sampling rate for the model was considered, based on monitoring
the fastest system pole and and ensuring that the Nyquist frequency was always
exceeded. However, as explained in Section 4.5 the dynamic behaviour of the
tyres and suspension is not included in the system A matrix, making it more
difficult, though not impossible, to monitor the important fast poles when using
recorded data.** This limitation is easier to overcome for test functions as is done
in Section 7.8 in order to perform root locus analysis.
4.10 Modelling procedure
The equations of motion are formulated using Kane’s method, and the procedure
may be summarised as follows:
1. Define the important points.
2. Select generalised co-ordinates and generalised speeds.
3. Derive velocity and acceleration expressions for the important points.
4. Construct a table of partial velocities.
5. Calculate active forces Fr and inertial forces F
∗
r , and set Fr + F
∗
r = 0,
(r = 1, . . . , 11).
The important points have been defined and are shown in Table 4.1. The gener-
alised co-ordinates are shown in Table 4.3 and each generalised speed is the first
** The same would apply to running the model in real-time in an embedded system.
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time derivative of the corresponding generalised co-ordinate. i.e.
ur = q˙r (r = 1, . . . , 11)
The next step is to derive the velocity and acceleration expressions for the im-
portant points.
Swing-arm, B
Rear
Frame, A
Fork lower, C
Front
P
Q
wheel, D
wheel, G
ST
Steering axis assembly, F
Steering
R
V U
H
Figure 4.34: The key points of the bike model
4.10.1 Velocity and acceleration expressions for the key
points
The velocities of the key points are non-linear functions of the generalised speeds
u1, . . . , u11, but importantly, most are very nearly linear over the range of motion
of the motorcycle. The main frame A was chosen as the primary rigid body and
expressions were derived to describe its motion in terms of the generalised speeds,
i.e.
N~ωA = fω(u1, . . . , u11)
N~vA = fv(u1, . . . , u11) (4.26)
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Symbol Coefficient Description
q12 F Main frame roll angle
q13 G Main frame yaw angle
q14 H Main frame pitch angle
q15 J Main frame x position
q16 K Main frame z position
q17 L Main frame y position
Table 4.6: Main frame position and orientation
The first step in formulating fω and fv is to express the position and orientation
of body A in terms of q1, . . . , q11. This is done first in the D reference frame.
It is useful to introduce additional co-ordinates as shown in Table 4.6, and also
a set of coefficients F, . . . , L such that the position and orientation of body A
can be expressed in the D reference frame as linear functions of the generalised
co-ordinates as follows:
q12 = F0 + F1q1 + · · ·+ F11q11
q13 = G0 +G1q1 + · · ·+G11q11
q14 = H0 +H1q1 + · · ·+H11q11
q15 = J0 + J1q1 + · · ·+ J11q11
q16 = K0 +K1q1 + · · ·+K11q11
q17 = L0 + L1q1 + · · ·+ L11q11 (4.27)
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Given that un = q˙n for all n, and by taking the first derivatives of Eqns. (4.27)
it can be stated that the angular and translational velocities of body A are:
D~ωA = u12dˆ1 + u13dˆ2 + u14dˆ3
= (F1u1 + · · ·+ F11u11)dˆ1
+ (G1u1 + · · ·+G11u11)dˆ2
+ (H1u1 + · · ·+H11u11)dˆ3
D~vA = u15dˆ1 + u16dˆ2 + u17dˆ3
= (J1u1 + · · ·+ J11u11)dˆ1
+ (K1u1 + · · ·+K11u11)dˆ2
+ (L1u1 + · · ·+ L11u11)dˆ3
Taking the first two transformations in Table 4.4, let:
dm =

1 0 0
0 c9 s9
0 −s9 c9
 , mn =

c10 0 −s10
0 1 0
s10 0 c10

Then Eqns. (4.26) become:
N~ωA = D~ωA • dm •mn
N~vA = D~vA • dm •mn (4.28)
The coefficients in Eqns. (4.27) are functions of the bike geometric param-
eters, and were derived in Section 4.8 by first deriving the actual expressions
for q12, . . . , q17 and then for each expression, applying a first order Taylor series
expansion for each of the state variables that appear in those equations. The
expansions were performed about the mid-point of the operating range of each
state variable. The linearised expressions were validated by graphing them along
with the actual non-linear expressions over the operating range. These plots are
shown in Figs. 4.27, 4.28, 4.29, 4.31 and 4.32. Not every coefficient needs to be
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calculated in this way, and many are zero. For example, the roll angle of the
main frame depends only on q9, so F9 = 1 and Fn = 0 for other values of n. On
inspecting the plots, it is clear that many of the parameters are camber depen-
dent and this is partly due to the migration of the tyre contact points as the bike
leans over. These parameters are calculated and stored during initialisation and
then scheduled, based on camber angle. Note that, unless otherwise stated, the
plots represent a roll angle of 60◦ and steering angle of 10◦, the idea being to test
linearity at the edge to the operating range at road and race track speeds. Unless
otherwise stated, the front and rear contact patch deflections used in the plots
are 5 mm.
Once the expressions for N~ωA and N~vA have been found, the expressions for
the other key points may be derived. For example, the co-ordinates of body A
mass centre relative to the swing-arm pivot P in reference frame A are (ax, ay, az).
The vector from A to P is:
A~rAP = −axaˆ1 − azaˆ2 − ayaˆ3
and using the transformation from A to D:
D~rAP = A~rAP • ad
Then the velocity of point P in reference frame D is:
D~v P = D~vA + D~ωA × D~rAP (4.29)
and the velocity in reference frame N is:
N~v P = D~v P • dm •mn (4.30)
Proceeding sequentially in this way, the velocity expression for every important
point was found. Angular velocity expressions for the bodies are found in a
similar way. For example, the angular velocity of the swing-arm is found as
follows, remembering that u2aˆ3 = q˙2aˆ3 is the angular velocity of the swing-arm
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relative to the main frame:
D~ωB = D~ωA +
[
0 0 u2
]
• ad
N~ωB = D~ωB • dm •mn
It is easier to do the calculations in the D reference frame and then convert the
result to the N reference frame. Differentiating the velocity and angular velocity
expressions leads to expressions for acceleration. Note that the vectors dˆ1, dˆ2 and
dˆ3 are themselves time dependent, so they are an integral part of the expressions
to be differentiated. The sequence of calculations in the D reference frame is as
follows:
Body A
D~ωA =F9u9dˆ1
+ (G3u3 +G4u4 +G10u10 +G11u11)dˆ2
+ (H1u1 +H2u2 +H3u3 +H4u4 +H10u10 +H11u11)dˆ3
D~vA =(J1u1 + J2u2 + J3u3 + J4u4 + J7u7 + J8u8 + J11u11)dˆ1
+ (K1u1 +K2u2 +K3u3 +K4u4 +K7u7 +K8u8 +K11u11)dˆ2
+ (L3u3 + L4u4 + L7u7 + L8u8 + L9u9 + L11u11)dˆ3
Point P
D~rAP =
[
Px Pz −Py
]
D~v P = D~vA + D~ωA × D~rAP
Point H
D~rAH =
[
Hx Hz −Hy
]
D~vH = D~vA + D~ωA × D~rAH
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Point R
D~rAR =
[
Rx Rz −Ry
]
D~vR = D~vA + D~ωA × D~rAR
Body B
D~r PB =
[
Bx Bz 0
]
• ba • ad
D~ωB = D~ωA +
[
0 0 u2
]
• ad
D~vB = D~v P + D~ωB × D~r PB
Body D
D~r PD =
[
Ra 0 0
]
• ba • ad
D~ωD = D~ωB +
[
0 0 u6
]
D~vD = D~v P + D~ωB × D~r PD
Body F
D~rHF =
[
Fx Fz 0
]
• fe • ea • ad
D~ω F = D~ωA +
[
0 u11 0
]
• fe • ea • ad
D~v F = D~vH + D~ω F × D~rHF
Point Q
D~rHQ =
[
Qx Qz 0
]
• fe • ea • ad
D~vQ = D~vH + D~ω F × D~rHQ
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Body G
D~rQG =
[
0 −q1 0
]
• fe • ea • ad
D~ωG = D~ω F +
[
0 0 u5
]
• fe • ea • ad
D~vG = D~vQ +
[
0 −u1 0
]
• fe • ea • ad+ D~ω F × D~rQG
Body C
D~rGC =
[
Cx Cz 0
]
• fe • ea • ad
D~ω C = D~ω F
D~v C = D~vG + D~ω C × D~rGC
Point S
D~rGS =
[
0 −Tfz Tfy
]
• gf • fe • ea • ad+
[
0 q3 0
]
• hm •md
F~ω F = F~ωD • da • ae • ef
ωS =
[
F~ω F1
F~ω F2 0
]
• fe • ea • ad
D~v S = D~vG + ωS × D~rGS
Point U
D~r SU =
[
−Tpf 0 0
]
• hm •md
H~ω F = D~ω F • dm •mh
ωU =
[
0 H~ω F2 0
]
• hm •md
D~v U = D~v S + ωU × D~r SU
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Point T
D~rDT =
[
0 −Trz Try
]
+
[
0 q4 0
]
•md
ωT =
[
D~ωD1
D~ωD2 0
]
D~v T = D~vD + ωT × D~rDT
Point V
D~r TV =
[
−Tpr 0 0
]
M~ωD = D~ωD • dm
D~v V = D~v T +
[
0 M~ωD2 0
]
× D~r TV
The angular velocity and velocity expressions for each body and point, D~ωA,
D~vA, etc. are converted to the N reference frame using the transformations in
Table 4.4 to get N~ωA, N~vA and so on. The partial velocities associated with each
body and point are then found, as explained in Section 3.4. This is performed
here for body A to show the procedure, but the expressions for the other bodies
and points are too complex to include here and were calculated using Wolfram
Mathematica®.
N~ωA = D~ωA • dm •mn
= (F9u9c10 + s10((G3u3 +G4u4 +G10u10 +G11u11)s9
+ (H1u1 +H2u2 +H3u3 +H4u4 +H10u10 +H11u11)c9))nˆ1
+ ((G3u3 +G4u4 +G10u10 +G11u11)c9
− (H1u1 +H2u2 +H3u3 +H4u4 +H10u10 +H11u11)s9)nˆ2
+ (c10((G3u3 +G4u4 +G10u10 +G11u11)s9
+ (H1u1 +H2u2 +H3u3 +H4u4 +H10u10 +H11u11)c9)− F9u9s10)nˆ3
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N~vA = D~vA • dm •mn
= ((J1u1 + J2u2 + J3u3 + J4u4 + J7u7 + J8u8 + J11u11)c10
+ s10((K1u1 +K2u2 +K3u3 +K4u4 +K7u7 +K8u8 +K11u11)s9
+ (L3u3 + L4u4 + L7u7 + L8u8 + L9u9 + L11u11)c9))nˆ1
+ ((K1u1 +K2u2 +K3u3 +K4u4 +K7u7 +K8u8 +K11u11)c9
− (L3u3 + L4u4 + L7u7 + L8u8 + L9u9 + L11u11)s9)nˆ2
+ (c10((K1u1 +K2u2 +K3u3 +K4u4 +K7u7 +K8u8 +K11u11)s9
+ (L3u3 + L4u4 + L7u7 + L8u8 + L9u9 + L11u11)c9)
− (J1u1 + J2u2 + J3u3 + J4u4 + J7u7 + J8u8 + J11u11)s10)nˆ3
The partial angular velocities are:
N~ωA1 = H1s10c9nˆ1 −H1s9nˆ2 +H1c9c10nˆ3
N~ωA2 = H2s10c9nˆ1 −H2s9nˆ2 +H2c9c10nˆ3
N~ωA3 = (G3s9s10 +H3s10c9)nˆ1 + (G3c9 −H3s9)nˆ2 + (G3s9c10 +H3c9c10)nˆ3
N~ωA4 = (G4s9s10 +H4s10c9)nˆ1 + (G4c9 −H4s9)nˆ2 + (G4s9c10 +H4c9c10)nˆ3
N~ωA9 = F9c10nˆ1 − F9s10nˆ3
N~ωA10 = (G10s9s10 +H10s10c9)nˆ1 + (G10c9 −H10s9)nˆ2 + (G10s9c10 +H10c9c10)nˆ3
N~ωA11 = (G11s9s10 +H11s10c9)nˆ1 + (G11c9 −H11s9)nˆ2 + (G11s9c10 +H11c9c10)nˆ3
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and the partial velocities are:
N~vA1 = (J1c10 +K1s9s10)nˆ1 +K1c9nˆ2 + (K1s9c10 − J1s10)nˆ3
N~vA2 = (J2c10 +K2s9s10)nˆ1 +K2c9nˆ2 + (K2s9c10 − J2s10)nˆ3
N~vA3 = (J3c10 +K3s9s10 + L3s10c9)nˆ1 + (K3c9 − L3s9)nˆ2
+ (−J3s10 +K3s9c10 + L3c9c10)nˆ3
N~vA4 = (J4c10 +K4s9s10 + L4s10c9)nˆ1 + (K4c9 − L4s9)nˆ2
+ (−J4s10 +K4s9c10 + L4c9c10)nˆ3
N~vA7 = (J7c10 +K7s9s10 + L7s10c9)nˆ1 + (K7c9 − L7s9)nˆ2
+ (−J7s10 +K7s9c10 + L7c9c10)nˆ3
N~vA8 = (J8c10 +K8s9s10 + L8s10c9)nˆ1 + (K8c9 − L8s9)nˆ2
+ (−J8s10 +K8s9c10 + L8c9c10)nˆ3
N~vA9 = L9s10c9nˆ1 − L9s9nˆ2 + L9c9c10nˆ3
N~vA11 = (J11c10 +K11s9s10 + L11s10c9)nˆ1 + (K11c9 − L11s9)nˆ2
+ (−J11s10 +K11s9c10 + L11c9c10)nˆ3
4.10.2 Kane’s Equations
The final step in formulating the equations of motion is to apply Kane’s equations,
which are as follows. The generalised active force Fr (for two bodies, A and B)
is given by:
Fr =
∑
r
(
~FA •
N~vAr + ~TA •
N~ωAr + ~FB •
N~vBr + ~TB •
N~ωBr
)
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where F and T denote force and torque respectively. The generalised inertial
force F ∗r is given by:
F ∗r =
∑
r
(
−MAN~aA • N~vAr −
(
N~αA •
~~IA +
N~ωA × ~~IA • N~ωA
)
• N~ωAr
−MBN~aB • N~vBr −
(
N~αB •
~~IB +
N~ωB × ~~IB • N~ωB
)
• N~ωBr
)
(4.31)
The components of Kane’s equations are the velocities, partial velocities and
accelerations, translational and angular, which have been derived. In this case,
r = 1, . . . , 11. The active and inertial forces sum to zero
Fr + F
∗
r = 0 (4.32)
Eqn. (4.32) looks simple, but it is necessary to examine Fr and F
∗
r to assess the
importance of the terms. The mean absolute values of all state variables and
inputs were calculated for a lap of the race track and are shown in Tables 4.7
and 4.8. Fr and F
∗
r were evaluated for the input values in Table 4.8 and the
generalised co-ordinate values q1, . . . , q11 in Table 4.7 and are as follows:
F1 = 271.864− 2.22× 10−16u1 + 1.11× 10−16u2 + 0.865u3 − 0.865u4
+ 1.159u9 − 2.938u11
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F ∗1 = −79.6684u˙1 − 18.519u˙2 + 244.277u˙3 − 157.001u˙4 − 0.869316u˙5 − 0.93141u˙6
− 1.36377u˙9 + 0.0782136u˙11
− 5.7152u21 + 4.07721u1u2 + 83.6889u1u3 − 83.6889u1u4
− 0.213172u22 − 7.20986u2u3 + 7.20986u2u4
− 84.7277u23 + 169.455u3u4 + 192.419u3u9 − 38.7177u3u10 + 3.24419u3u11
− 84.7277u24 − 51.5702u4u9 + 103.895u4u10 − 3.24419u4u11
+ 201.484u29 + 124.097u9u10 − 21.5796u9u11
− 0.423604u211 − 9.04845u10u11 (4.33)
F ∗1 begins with a linear combination of the rates of change of the generalised
speeds u˙1, . . . , u˙11. F
∗
n are inertial forces, so these acceleration terms are to be
expected. The rest of the expression is made up of a linear combination of
products of generalised speeds. The magnitude of each of these terms must be
examined with a view to simplifying the expression by discarding insignificant
terms. The aim is to produce a model which is linear to the greatest extent
possible without loss of fidelity, so only insignificant terms will be discarded. The
generalised speeds from Table 4.7 are now substituted into Eqn. (4.33) to get
Eqn. (4.34), which is arranged in the same order.
F ∗1 = −79.6684u˙1 − 18.519u˙2 + 244.277u˙3 − 157.001u˙4 − 0.869316u˙5 − 0.93141u˙6
− 1.36377u˙9 + 0.0782136u˙11
− 0.0083 + 0.0105 + 0.0391− 0.0524
− 0.0010− 0.0060 + 0.0080
− 0.0128 + 0.0341 + 0.7427− 0.1159 + 0.0249
− 0.0228− 0.2663 + 0.4161− 0.0333
+ 19.9284 + 9.5207− 4.2409
− 0.1654− 1.3793 (4.34)
The derivatives of the generalised speeds are accelerations associated with inertial
forces and must be included. It is clear from Eqn. (4.34) that certain other terms,
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especially those containing roll rate, u9, are significant and these must also be
included. The largest of these is u29, which is the roll rate squared, and this is
associated with the centripetal acceleration affecting the bodies as the roll angle
changes. Centripetal acceleration a = rω2 where r is the radius and ω is the
angular velocity or roll rate. When the u29 term is excluded from the model, the
estimated vertical position of the bike in fast direction changes is low compared
to the measured value. The other term which is included in the model is the
u10u11 term, which has a value of −1.3793 in Eqn. (4.34). When the expressions
Fr and F
∗
r are examined in the same way for other values of r, only the terms
containing u9 and the u10u11 term are significant.
n qn un
1 0.076 0.038
2 0.137 0.068
3 0.005 0.012
4 0.008 0.016
5 2377.0 113.75
6 2356.4 110.13
7 167.80 29.26
8 59.55 11.10
9 0.493 0.314
10 3.128 0.244
11 0.028 0.625
Table 4.7: Mean absolute value of state variables during one lap
uinn Input Value uinn Input Value uinn Input Value
uin1 Ffwx 296.6 uin8 Fdrag 330.9 uin15 Tfwy 73.8
uin2 Ffwy 833.7 uin9 Ffork 1225 uin16 Tfwz 7.7
uin3 Ffwz 1149.6 uin10 Tmfx 3.8 uin17 Trwx 78.6
uin4 Frwx 1011.5 uin11 Tmfy 670.2 uin18 Trwy 299.4
uin5 Frwy 832.5 uin12 Tmfz 7.6 uin19 Trwz 21.8
uin6 Frwz 1526.9 uin13 Tsay 704.5 uin20 Tsteer 102.0
uin7 Flift 6.1 uin14 Tfwx 45.3 uin21 g 9.81
Table 4.8: Mean absolute value of inputs during one lap
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uinn Symbol Description
uin1 Ffwx Front wheel x force
uin2 Ffwy Front wheel y force
uin3 Ffwz Front wheel z force
uin4 Frwx Rear wheel x force
uin5 Frwy Rear wheel y force
uin6 Frwz Rear wheel z force
uin7 Flift Aerodynamic lift force
uin8 Fdrag Aerodynamic drag force
uin9 Ffork Front suspension force
uin10 Tmfx Main frame x torque
uin11 Tmfy Main frame y torque
uin12 Tmfz Main frame z torque
uin13 Tsay Swing-arm y torque
uin14 Tfwx Front wheel x torque
uin15 Tfwy Front wheel y torque
uin16 Tfwz Front wheel z torque
uin17 Trwx Rear wheel x torque
uin18 Trwy Rear wheel y torque
uin19 Trwz Rear wheel z torque
uin20 Tsteer Steering torque
uin21 g Acceleration due to gravity
Table 4.9: Input vector uin
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Eqn. (4.32) results in eleven differential equations of the form:
K1,1u˙1 + · · ·+K1,11u˙11 + f1 (ur, qr, uinm) = 0
...
...
...
K11,1u˙1 + · · ·+K11,11u˙11 + f11(ur, qr, uinm) = 0
r = 1, . . . , 11 and m = 1, . . . , 21. f1, . . . f11 are functions, and uinm represents
elements in the input vector uin as shown in Table 4.9. In matrix form, the
equations become:

K1,1 . . . K1,11
...
. . .
...
K11,1 . . . K11,11


u˙1
...
u˙11
+

f1
...
f11
 = 0
which may be re-arranged to
u˙ = −K−1f (4.35)
The expressions f1, . . . , f11 are in the form:
fn = αn,1u1 + αn,2q1 + αn,3u2 + αn,4q2 + · · ·+ αn,21u11 + αn,22q11+
+ βn,1uin1 + · · ·+ βn,21uin21
where α is an 11 x 22 matrix containing α1,1 . . . α11,22 and β is an 11 x 21 matrix
104
4.10. Modelling procedure
containing β1,1 . . . β11,21. So:

f1
...
f11
 =

α1,1 . . . α1,22
...
. . .
...
α11,1 . . . α11,22


u1
q1
...
u11
q11

+

β1,1 . . . β1,21
...
. . .
...
β11,1 . . . β11,21


uin1
...
uin21
+

γ1,1 . . . γ1,4
...
. . .
...
γ11,1 . . . β11,4


u29
u9u10
u9u11
u10u11

or:
f = αx+ βuin + γw (4.36)
Combining Eqns. (4.35) and (4.36) gives the equation:
u˙ = −K−1αx−K−1βuin −K−1γw
= A′x+B′uin +R
′w (4.37)
where A′ = −K−1α, B′ = −K−1β and R′ = −K−1γ. In order to create the state
space matrices A and B, and the matrix R, rows must be added as shown, to
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express q˙n = un for n = 1 . . . 11.
u˙1
q˙1
...
u˙11
q˙11

=

A′1,1 A
′
1,2 . . . A
′
1,22
1 0 . . . 0
A′2,1 A
′
2,2 . . . A
′
2,22
...
. . .
...
A′11,1 A
′
11,2 . . . A
′
11,22


u1
q1
...
u11
q11

+

B′1,1 . . . B
′
1,21
0 . . . 0
B′2,1 . . . B
′
2,21
...
. . .
...
B′11,1 . . . B
′
11,21


uin1
uin2
uin3
...
uin21

+

R′1,1 . . . R
′
1,4
0 . . . 0
R′2,1 . . . R
′
2,4
...
. . .
...
R′11,1 . . . R
′
11,4


u29
u9u10
u9u11
u10u11

This is the continuous time state equation
x˙ = Ax+Buin +Rw (4.38)
The matrices K, α, β and γ are calculated symbolically in Mathematica®.
Symbolic expressions for the tyre contact patch and axle velocities H~v S, M~v T ,
H~vG and M~vD are calculated similarly. These are used as inputs to the tyre model.
Body A velocity and acceleration, M~vA and M~aA are also calculated. The velocity
of body A provides road speed and the acceleration of body A is used in calcu-
lating the reactive shear forces at the tyre contact patches due to acceleration.
These symbolic calculations need to be repeated only when the structure of the
model changes in some way. Perl scripts convert the Mathematica® output files
to Matlab and C code.
4.11 The state output matrix, C
The state output matrix C has eight rows, which are as follows:
1. Front suspension position, q1
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2. Swing-arm angle, q2
3. Angular velocity about longitudinal axis in reference frame A, ω1
4. Angular velocity about vertical axis in reference frame A, ω2
5. Angular velocity about transverse axis in reference frame A, ω3
6. Front wheel angular velocity, u5
7. Rear wheel angular velocity, u6
8. Roll angle, q9
The non-zero entries in C are shown in Table 4.10. The estimated outputs of
1 2 3 4 5 7 9 11 17 18 19 21
1 1
2 1
3 G3s14 G4s14 F9c14 G10s14 G11s14
4 G3c14 G4c14 −F9s14 G10c14 G11c14
5 H1 H2 H3 H4 H10 H11
6 1
7 1
8 1
Table 4.10: Non-zero values in the C matrix, indexed by row and column
wheel speeds and rate gyro data are used in controlling the model when it is
driven by recorded data.
4.12 Controlling the model
When the model is driven by test functions, two PID controllers are used; one
for road speed and the other for roll angle. The speed controller varies rear wheel
torque to control M~vA1 , the forward velocity of body A in the M reference frame.
The roll angle controller varies steering torque to control q9, the roll angle. The
set points depend on the test function being used.
When the model is driven by recorded data, the road speed controller is not
used, but instead, the speed is the result of wheel torques and the various drag
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factors affecting the bike. It is very difficult to determine exactly all of the
parameters affecting the speed, so this open loop method inevitably results in
speed errors. It is important to reduce these errors as far as possible, because an
error in speed causes further errors in angular velocity, lateral acceleration and so
on. Therefore, a Kalman filter was added, as shown in Fig. 4.36, which uses the
recorded data to produce optimal estimates for the wheel speeds. The equations
are as follows:
sk = R + CkPkC
T
k
Kk = AkPkC
T
k s
−1
k
xˆk+1 = Akxˆk +Bkuk +Kk(yˆk − Ckxˆk)
Pk+1 = AkPkA
T
k +Q−KkCkPkATk
Kk is the weighting coefficient matrix which weights the difference between the
physical measurements yˆk and their estimates, Ckxˆk. Fig. 4.35 shows the recorded
and estimated wheel angular velocities with and without the Kalman filter. The
upper plots show the front wheel angular velocity and the lower plots show the
rear.
The Kalman filter ensures that the road speed is optimally estimated, so if
the estimated rates of change of orientation are also forced to match the recorded
data, then the position and orientation of the model should match that of the real
bike. Some drift in position and orientation is to be expected because any offset
in the rate gyro data, however small, will result in a growing position error when
the signal is integrated. This means, for example, that if the roll rate ω1 alone
was used to estimate the roll angle, then drift would occur because the estimated
roll angle would depend wholly on the integrated rate gyro signal. However, roll
angle depends on lateral acceleration, which in turn depends on road speed and
angular velocity. The road speed has been corrected by the Kalman filter, and
the ω2 and ω3 rate gyro signals depend on angular velocity. Because the angular
velocity information is contained in the rate gyro signals themselves, and not their
integrals, the angular velocity does not drift, and therefore lateral acceleration
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Figure 4.35: Wheel angular velocity with and without Kalman filter
and roll angle don’t drift either. The gains g2 and g3 in Fig. 4.36 are lower than
g1. Fig. 4.16 shows the result of cross-correlation between the rate gyro data and
engine speed. The rate gyro signal ω1 is relatively uncorrelated with engine speed
while ω2 and ω3 show a strong correlation, meaning that these signals contain a
significant amount of engine speed data, picked up from engine vibration. It was
found that increasing g2 or g3 introduced noise into the system, probably due to
this issue. Although roll angle drift is absent, drift does occur in the position
and yaw angle of the bike on the ground plane, as shown in Fig. 4.37. The map
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Figure 4.36: The bike model with steering torque controller and Kalman filter
shows the measured GPS path and the path followed by the model for the same
two consecutive laps.
Figure 4.37: Inertial path compared to GPS path
4.13 Crash avoidance
If the data driving the model is recorded with the bike being ridden at the limit
of grip, the model should run correctly provided that all motorcycle and tyre
parameters are correct. Of course, correct parameters cannot be guaranteed, and
it must be possible to experiment with parameters without the model crashing.
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Strategies were devised to prevent the model from crashing when the grip limit
is exceeded and the extent to which these strategies intervene can be monitored.
4.13.1 Traction control
|γ|
tgt.
γ
M~vD1
u6
γ
TRz
Vr [ms
−1]
Vr−M~vD1
M~vD1
+
−
Teng
Ktc
Slip ratio
error
Tout
Slip ratio target
Slip ratio
+
−
Torque
reduction
Figure 4.38: Traction control strategy
The TC strategy is illustrated in Fig. 4.38. The rear wheel angular velocity
is converted to road speed in metres per second, using the roll angle and tyre
profile data. This is converted to slip ratio by comparing it to the longitudinal
speed of the rear axle. A slip ratio target is looked up from a table indexed by
the absolute roll angle. This target represents the slip ratio below which the TC
will not intervene. The target is subtracted from the slip ratio, giving a slip ratio
error. Negative errors are ignored, and the error is scaled by a constant, which
may be found empirically. This produces a torque reduction value which is then
subtracted from the engine torque.
The result of the TC strategy can be seen in the fourth plot in Fig. 4.40.
Throttle position and brake pressure are shown in the first plot. The rider opens
the throttle just before 12 seconds and the rear wheel slip ratio becomes positive.
At around 12.6 seconds, the slip ratio begins to exceed the slip ratio target and
the strategy generates a TC slip ratio error signal, which is then multiplied by
Ktc to generate the torque reduction. It can be seen that a spurious slip ratio
error is caused by the gear change just before 16 seconds.
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4.13.2 Anti-lock braking
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γ TRz
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+
ABS factor
+
Tgthi
Tgtlo
Tin
Tout
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Yes / No
Figure 4.39: Anti-lock braking strategy
The ABS strategy is shown in Fig. 4.39 and most easily understood using
a simple example. The slip ratio calculation is similar to the TC strategy, but
only negative slip ratios are considered. If the forward speed of the front axle is
H~vG1 = 100 ms
−1 and the circumference of the tyre has a speed of 90 ms−1, i.e.
the wheel is under-rotating by 10%, then the slip ratio is −0.1. If the slip ratio
target is −0.05, then the slip ratio error is −0.1− (−0.05) = −0.05. Multiplying
by the scaling factor Kabs = 2.0 results in an ABS factor of −0.1. Adding 1.0
creates a multiplier of 0.9, so only 90% of the original braking torque is applied
to the wheel. A circumferential speed of 80 ms−1 produces a slip ratio of −0.2, a
slip ratio error of −0.15, an ABS factor of −0.3 and a torque multiplier of 0.7.
ABS, especially on a motorcycle front wheel, differs from TC in one important
regard. Whereas TC can moderate the slip to allow it to be more easily controlled
by the rider, if a wheel begins to lock, it is crucial that the under-rotation be
corrected immediately. Fig. 5.2 (a) shows the non-linear relationship between
longitudinal force Fx and longitudinal slip κ. When the slip reaches the region
past peak force, a reduction in torque to below that which initiated the locking is
needed if the slip is to move back to the linear region. For this reason, separate slip
targets are selected, depending on the current slip ratio error. If slip moves beyond
the ‘normal’ target and the ABS becomes active, then slip must be brought to
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a lower value, before the strategy reverts to the normal target. The front wheel
may also under-rotate due to wheelies and this would generate a negative slip
ratio and activate the strategy. This was avoided by disabling the ABS strategy
when the front suspension is close to full extension.
The front ABS behaviour is shown in the second plot in Fig. 4.40. During
the test run, no front wheel locking was experienced, so conservative slip ratio
limits were set for illustration purposes. At just after 3 seconds, the ABS front
slip limit is exceeded. The limit changes to a stricter value, and the slip ratio
error is thereafter calculated relative to the new limit. The torque multiplier is
then below unity, causing the front brake torque to be modulated. At around 4.6
seconds, the slip ratio no longer exceeds the limit, so the normal limit is selected
and the torque multiplier returns to unity. It can be seen that the low negative
value of front slip ratio just before 14 seconds does not activate the ABS strategy.
This under-rotation of the front wheel at that point is caused by a wheelie, so
the front suspension (not shown) is near full extension, and the TC strategy is
disabled.
The rear ABS works in the same way, and is shown in the third plot in
Fig. 4.40. At around 9 seconds, the negative rear wheel slip ratio reaches a very
low value and the strategy is activated. However, the data in the upper plot shows
that this is not caused by the rear brake. To avoid clutter, the gear position is
not shown, but this under-rotation of the rear wheel is due to the clutch being
released after two gear down-changes, while the front brake is applied heavily.
The throttle blips at 8 seconds are evidence of this. Regardless of the cause, the
ABS strategy works, but applies the torque modulation to an inactive rear brake.
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Figure 4.40: Crash avoidance strategies
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4.14 Model computational performance
The model was coded first in Matlab and then in C. Coding in C was done
directly, without the use of a cross-compiler, so as to optimise performance. Ef-
ficient matrix arithmetic functions were written and Eqn. (4.37) is solved using
Cholesky decomposition. This is possible because the matrix K is symmetric and
positive definite, and Cholesky decomposition [46] was found to outperform LU
decomposition [46] by around 5% in this application. The specifications for the
Operating system Windows 8 Pro
Processor Intel® Core i5-3210M CPU
Processor speed 2.5 GHz
Installed RAM 8.00 GB
Operating system type 64-bit
Compiler Visual C++® 6.0
Compiler type 32-bit
Table 4.11: Operating system and compiler specifications
machine and compiler are given in Table 4.11. The model runs between five and
six times faster than real time and could therefore be used as an observer in an
embedded control application.
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The Tyre Model
The tyres contribute significantly to the overall bike behaviour. This chapter be-
gins by outlining the important tyre characteristics and introduces the necessary
terminology. It explains the rationale for the chosen tyre model and explains that
model in detail. The tyre model equations are given in Appendix A.
5.1 Introduction
The tyres are treated as force and torque generating entities rather than as con-
straints. That means that the tyres deform and slip relative to the road surface so
as to produce the forces and torques that keep the bike in dynamic equilibrium.
The sign convention used in the tyre model is the one adopted by Pacejka
and is shown in Fig. 5.1. It is similar to the SAE convention, defined in SAE
J670 - Vehicle Dynamics Terminology [47], except that the direction of slip angle
is reversed and the direction of vertical force Fz is reversed. Note that although
the direction of Fz is reversed, the direction of the z axis is not, so positive Fz
acts in the negative z direction, i.e. upwards. If follows from this convention that
the longitudinal force Fx, lateral force Fy, overturning moment Mx and aligning
moment Mz act in the directions shown in Fig. 5.2. The details of this figure are
explained further in the following sections.
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Figure 5.1: Forces and moments acting on a tyre in the Pacejka co-ordinate
system
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Figure 5.2: Fx, Fy, Mx and Mz vs. longitudinal slip κ and lateral slip α.
5.2 Tyre characteristics and terminology
This section details the characteristics of the motorcycle tyre that are important
to the model, and the various terms used to describe them. The tyre tread, or
more specifically the contact patch, is the part of the tyre in contact with the
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ground, and the material is generically referred to as rubber. The rubber used
in tyres is a viscoelastic material usually consisting of both natural rubber and
synthetic polymers. The term viscoelastic refers to the fact that when deformed,
the rubber exhibits both elastic and viscous properties. This character creates
hysteresis that in turn produces grip, as described in Section 5.2.1.
5.2.1 Grip
Grip refers to the physical effects, namely indentation and adhesion, that create
horizontal force at the tyre contact patch. Indentation requires three factors
in order to generate grip; macro-roughness on the ground (on the order of 1
to 10mm), hysteretic rubber and periodic constraint. Fig. 5.3 shows a typical
stress-strain hysteresis curve for a viscoelastic material. Clearly the forces are
greater during the compression phase than during release. When a tyre tread
slips across a rough surface, the indentations subject each part of the contact
patch to periodic compression and release. As shown in Fig. 5.4, the hysteresis
of the rubber causes greater force to be exerted on the parts of the tread which
are undergoing compression, than on those being released. The cumulative effect
is a net force exerted on the tyre in the opposite direction to slip.
Stress
Strain
Compression
Release
Figure 5.3: Hysteresis in a viscoelastic material
The dominant physical effect contributing to grip is not indentation, but ad-
hesion, which accounts for about 75 to 80% of grip in dry conditions. Adhesion
is in turn composed of hysteretic forces due to micro-roughness (on the order of
10µm to 1mm), and Van der Waals force. This is an intermolecular force which,
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Direction of slip
Compression forcesRelease forces Net horizontal force
Figure 5.4: Viscoelastic material slipping across an indented surface
although weak in comparison to chemical bonds, generates a high net force due
to the large number of molecular interactions. It is effective only at distances of
less than around 100µm, so even a thin film of water or dust is enough to disrupt
the effect.
The general nature of the relationship between horizontal force and slip is
shown in Fig. 5.2 (a) and (b), where (a) represents the longitudinal direction and
(b) the lateral direction. The Magic Formula tyre model, which is covered in
Section 5.3, describes these relationships in detail, along with the moments that
act on the tyre.
5.2.2 Tyre radius
In general, a tyre is considered to have an unloaded radius, a loaded radius
and an effective rolling radius as shown in Fig. 5.5. The unloaded radius R0 is
sometimes called the free radius. The following definitions of the loaded radius Rl
and the effective rolling radius Re are provided in SAE J670 - Vehicle Dynamics
Terminology [47]. Rl is the distance from the centre of the tyre contact patch
to the wheel centre, measured in the wheel plane. For a free rolling wheel, Re is
defined as the ratio of forward velocity of the wheel, Vx, to the free rolling angular
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velocity, Ω0.
Re =
Vx
Ω0
(5.1)
It is clear from Fig. 5.5 that Rl < Re < R0.
Re
R0
Rl
Vx
ω
Road surface
Figure 5.5: Tyre radius
5.2.3 Vertical force Fz
Fz is the force exerted on the tyre by the ground in the direction normal to the
ground plane. In this thesis, the ground plane is assumed to be horizontal, so Fz
acts vertically upwards as shown in Fig. 5.1.
5.2.4 Longitudinal force Fx
Fx is the force exerted by the ground on the tyre in the positive x direction, as
shown in Fig. 5.1. It is the longitudinal shear force generated by longitudinal slip
of the contact patch relative to the ground, and is a function of longitudinal slip
κ, lateral slip α, camber angle γ and vertical force Fz, i.e.
Fx = Fx(κ, α, γ, Fz)
The full formula is given in Eqn. (A.1) in Appendix A.
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Fx does not act instantaneously but is subject to a distance-dependent first
order lag. The ‘distance constant’ is a characteristic of the tyre, known as the
relaxation length, which is the distance the tyre needs to roll in order for Fx
to reach 63% of its final value. The relaxation length is analogous to the time
constant is a first order time-dependent system and in fact, this is how it is
implemented in the motorcycle model. At a given speed, the relaxation length
is converted to a time constant and a first order differential equation is used to
calculate Fx. This behaviour is covered in more detail in Section 5.2.16.
5.2.5 Lateral force Fy
Fy is the force exerted by the ground on the tyre in the positive y direction, as
shown in Fig. 5.1. Like Fx, it is a function of longitudinal slip κ, lateral slip α,
camber angle γ and vertical force Fz, i.e.
Fy = Fy(κ, α, γ, Fz)
Eqn. (A.2) gives the Magic Formula equation for Fy in the general case where
the tyre is subject to both lateral and longitudinal slip. The key components of
Fy are shear force due to side slip of the contact patch relative to the ground,
and so-called camber thrust due to the camber angle of the tyre. Fig. 5.6 shows
a comparison of the range of slip and camber angles for cars and motorcycles,
similar to that shown in Tezuka et al. [38]. In cars, Fy is predominantly due
to side slip-induced shear force, and camber thrust is much less important. In
motorcycles, the roles are practically reversed. As with Fx, Fy is subject to a
distance-dependent first order lag and this dynamic behaviour is covered in more
detail in Section 5.2.16.
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Figure 5.6: Slip and camber angle comparison for bikes and cars
5.2.6 Camber thrust force
Camber thrust is the lateral force due to the camber angle of the tyre. There is
no separate equation for it in the Magic Formula tyre model. Instead, Eqn. (A.2)
includes the effect of both side slip and camber angle. Camber thrust force can be
isolated by evaluating Eqn. (A.2) twice; once with the actual value of camber and
once with camber set to zero, and subtracting the results. The effect of camber
thrust is illustrated in Fig. 5.7, which plots lateral force Fy against slip angle α
at two camber angles, 0◦ and 50◦. Vertical force Fz is set at 1500 N, so at 50◦
camber angle, Fy ≈ Fz tan(50) = 1788 N represents the lateral force generated by
centripetal acceleration, which must be balanced by lateral tyre force to achieve
equilibrium. The horizontal reference line in Fig. 5.7 indicates this value, and the
vertical reference lines show where it cuts the two graphs. Without camber, a
slip angle of 6.2◦ would be needed to achieve equilibrium, but at 50◦ camber, a
slip angle of only 1.7◦ is sufficient. This shows that camber thrust greatly reduces
the slip angle needed to achieve a given lateral force. The other effects evident
in Fig. 5.7 are that camber angle increases the maximum lateral force that can
be generated by the tyre, but shifts the peak force to a much lower slip angle.
 Equilibrium is affected by other factors such as the overturning and gyroscopic moments.
122
5.2. Tyre characteristics and terminology
Figure 5.7: The effect of camber thrust on lateral force
5.2.7 Pneumatic trail t
Lateral force Fy is not distributed uniformly along the length of the contact patch,
but predominantly towards the rear. This means that Fy appears to act through
a point some distance behind the centre of the contact patch. This distance is
known as the pneumatic trail t, and the formula is given in Eqn. (A.7).
5.2.8 Overturning moment Mx
On motorcycles, the overturning momentMx arises because the tyre contact patch
is displaced laterally due to camber angle. The vertical force Fz acting through
the contact patch is therefore applied some distance inboard of the central plane
of the wheel. In a thin disc tyre model, Fz is applied at the wheel central plane
so the overturning moment is needed to compensate for the lateral offset of Fz.
In the current model on the other hand, Fz is applied at the actual contact patch
and the overturning moment is an automatic consequence to the lateral offset of
the contact patch. [27] The formula for Mx is given in Eqn. (A.4), but for the
reason just explained, it is not used in the model.
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5.2.9 Rolling resistance moment My
The formula for the rolling resistance moment My is given in Eqn. (A.5). It acts
in the opposite direction to wheel rotation. No parameters were available for My
so it is set to zero in the model.
5.2.10 Aligning moment Mz
In Section 5.2.7, it was explained that Fy acts through a point a distance t behind
the centre of the contact patch, where t is the pneumatic trail. This creates a
moment Mz acting on the tyre about the z axis, in the direction shown in Fig. 5.2.
Like Fx and Fy, Mz is a function of longitudinal and lateral slip, camber angle
and vertical force, so:
Mz = Mz(κ, α, γ, Fz)
The full formula is given in Eqn. (A.6). Mz acts in the direction that tends to align
the wheel with its direction of travel, and is called the aligning, or sometimes self-
aligning moment. Because Mz is generated as a result of Fy, it too is subject to
the distance-dependent lag which is described in detail in Section 5.2.16. Because
the model uses correctly shaped tyres rather than disc wheels and because Fy is
applied at the correct point, taking pneumatic trail into account, the aligning
moment is automatically included in the model. All results, including model
validation in Sections 7.4.1 and 7.4.2 were obtained with Mx = My = Mz = 0.
5.2.11 Longitudinal slip
SAE J670 - Vehicle Dynamics Terminology[47] defines longitudinal slip ratio as:
κ =
Ω− Ω0
Ω0
where Ω is the angular velocity of the wheel and Ω0 is the angular velocity of
a free rolling wheel. Pacejka refers to the longitudinal slip ratio simply as the
longitudinal slip and that term will be used here. Substituting Ω0 from Eqn. (5.1)
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gives:
κ =
ΩRe − Vx
Vx
(5.2)
If the longitudinal slip velocity Vsx is defined as Vsx = Vx−ΩRe, then Eqn. (5.2)
becomes:
κ =
ΩRe − Vx
Vx
= −Vsx
Vx
(5.3)
The physical meaning of Vsx is the average speed at which an element of tyre
tread, when in contact with the ground, slips in the x direction relative to the
ground. Note from the definition of Vsx that when ΩRe > Vx, then Vsz is negative,
as one would expect.
5.2.12 Lateral slip
α
Vx
Vsy
x
y
Figure 5.8: Slip angle
Rather than using the slip angle α as an input quantity, Pacejka [44] defines
the lateral slip α∗ as the tangent of the slip angle, as shown in Eqn (5.4), noting
that it is better to use this definition in the case of large slip angles or back-
ward running. This expresses lateral slip in a similar form as the definition of
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longitudinal slip in Eqn. (5.3).
α∗ = tan(α)sgn(Vx) = −
Vsy
|Vx|
(5.4)
5.2.13 Stiffness
Fig. 5.2 (a) shows the longitudinal force Fx plotted against longitudinal slip κ
where lateral slip α = 0, i.e. pure longitudinal slip. The longitudinal slip stiffness
Kxκ is defined as the slope of this curve at κ = 0 and is indicated by a dashed
line. Fig. 5.2 (b) shows lateral force Fy plotted against slip angle α where the
longitudinal slip κ = 0. The lateral slip stiffness, or cornering stiffness Kyα, is
defined as the slope of this curve at α = 0, as indicated by the dashed line.
Fig. 5.2 (d) shows aligning moment Mz plotted against slip angle α, for κ = 0.
The aligning stiffness of the tyre is defined as minus the slope of this curve at
α = 0, i.e. minus the slope of the dashed line. Camber stiffness is the rate of
change of camber thrust with camber angle at zero camber angle. [49]
5.2.14 Turn slip
Turn slip contributes to Fx, Fy and Mz, and is defined as:
ϕt = −
ψ˙
Vc
= − 1
R
(5.5)
where ψ˙ is the yaw rate, Vc (> 0) is the velocity of the tyre contact point, and
R is the turn radius. The equality ϕt = − 1R is valid only if the slip angle, α is
constant or zero [44]. The MF-Tire/MF-Swift 6.2 Equation Manual [48] states
that turn slip was added to the Magic Formula to represent, for example, the
aligning moment occurring when twisting the tyre at a standstill. Eqn. (5.5)
shows that the effect of turn slip decreases at higher speeds and larger turn radii,
so while it is a significant factor in the analysis of truck and aircraft tyres, which
 The MF-Tire / MF-Swift 6.2 Equation Manual [48] uses the actual slip angle α, denoting it
as αF in the model equations. For small slip angles, α
∗ ≈ α.
126
5.2. Tyre characteristics and terminology
experience large changes in yaw angle at low speed, it is generally not used when
modelling motorcycle tyres, and is not included in this model.
5.2.15 Ply-steer
The formulas for side force Fy and aligning torque Mz in Appendix A contain
terms that produce non-zero values for straight-ahead running, i.e. when slip
angle α = 0. These terms account for asymmetry in the tyre construction. The
asymmetry may be due to the outer tread having a slightly conical shape or due
to the arrangement of the layers of fabric, called plys, within the tyre. This
self-steering phenomenon is known as ply-steer. [50]
5.2.16 Dynamic behaviour
The dynamic behaviour of Fx and Fy was mentioned in Sections 5.2.4 and 5.2.5.
To re-cap, these forces are not instantaneous, but each is subject to a distance-
dependent first order lag. The ‘distance constant’ is known as the relaxation
length, and is the distance the tyre must roll in order for the force to reach 63%
of its final value. Although relaxation length is sometimes spoken of as though
it were a single quantity, the relaxation lengths δx and δy for longitudinal and
lateral forces are not necessarily the same. The MF-Tyre / MF-Swift 6.2 formulas
for longitudinal and lateral relaxation length are Eqns. 5.12 and 5.16.
Cossalter and Lot 2010 [25], showed how an expression for δx may be derived
by equating longitudinal slip shear force with the elastic force needed to deflect
the tyre carcass in that direction. This is useful in understanding how dynamic
behaviour arises in the tyre, so it is derived in full here using the current symbols
and conventions. Note that while Cossalter and Lot use ξ to symbolise angular
deformation of the tyre, it is used here to denote longitudinal deformation, i.e.
the angular deformation multiplied by the effective rolling radius. This makes the
formula for longitudinal relaxation length compatible with MF-Tyre / MF-Swift
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6.2, and ensures continuity between the expressions for δx and δy.
Fx = Fslip(κ, α
∗, γ, Fz) ≈ Kxκκ (5.6)
Fx = Felastic(ξ, γ) ≈ Cxξ (5.7)
where ξ is the longitudinal elastic deformation of the tyre. So:
Fslip(κ, α
∗, γ, Fz)− Felastic(ξ, γ) = 0 or Kxκκ− Cxξ = 0
From Eqn. (5.3), the instantaneous longitudinal slip is
κ =
ΩRe − Vx
Vx
= −Vsx
Vx
This equation is modified to include the longitudinal deformation of the tyre, ξ,
to get:
κ =
ΩRe − Vx − ξ˙
Vx
= −Vsx + ξ˙
Vx
(5.8)
Substituting the second part of Eqn. (5.8) into (5.6) gives:
Fx = −Kxκ
(
Vsx + ξ˙
Vx
)
= Kxκ
−Vsx
Vx
−Kxκ
ξ˙
Vx
(5.9)
Let the steady state value of longitudinal slip be:
κ0 =
−Vsx
Vx
and let the longitudinal force due to the steady state slip be:
Fxs = Kxκκ0 (5.10)
Rearranging Eqn. (5.7) and taking the time derivative yields:
ξ˙ =
F˙x
Cx
(5.11)
128
5.2. Tyre characteristics and terminology
Substitute Eqns. (5.10) and (5.11) into (5.9) to get:
Fx = Fxs −Kxκ
F˙x
CxVx
or
Kxκ
CxVx
F˙x + Fx = Fxs
The solution to this ordinary differential equation (ODE) is
Fx(t) = Fxs + (F0 − Fxs)e−t/τ where τ =
Kxκ
CxVx
and F0 is the force at t = 0. Time is distance over speed so let τ =
δx
Vx
, giving:
δx =
Kxκ
Cx
(5.12)
The relaxation length δx may also be expressed in terms of the slip and deflection
of the tyre. From Eqns. (5.6) and (5.7),
Kxκκ = Cxξ so
Kxκ
Cx
=
ξ
κ
so δx =
ξ
κ
The expression for δy is derived in a similar way, as follows.
Fy = Fslip(κ, α
∗, γ, Fz) ≈ Kyαα∗ (5.13)
Fy = Felastic(ζ, γ) ≈ Cyζ (5.14)
where ζ is the lateral elastic deformation of the tyre. So:
Fslip(κ, α
∗, γ, Fz)− Felastic(ζ, γ) = 0 or Kyαα∗ − Cyζ = 0
From Eqn. (5.4) and assuming that Vx > 0, the instantaneous lateral slip is:
α∗ = −Vsy
Vx
This equation is modified to include lateral deflection. Note the similarity to the
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second part of Eqn. (5.8).
α∗ = −Vsy + ζ˙
Vx
(5.15)
Substitute Eqn. (5.15) into (5.13) to get:
Fy = −Kyα
Vsy + ζ˙
Vx
= Kyα
−Vsy
Vx
−Kyα
ζ˙
Vx
Similar to the previous derivation, let Fys = Kyα
−Vsy
Vx
be the steady state value
of Fy due to lateral slip. Rearranging Eqn. (5.14) and taking the first derivative
yields:
ζ˙ =
F˙y
Cy
Then:
Fy = Fys −Kyα
F˙y
CyVx
Kyα
CyVx
F˙y + Fy = Fys
The solution to the ODE is
Fy(t) = Fys + (Fy0 − Fys)e−t/τ where τ =
Kyα
CyVx
and Fy0 is the lateral force at t− 0. As time is distance over speed, let:
τ =
δy
Vx
so δy =
Kyα
Cy
(5.16)
The relaxation length δy may also be expressed in terms of the slip and deflection
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of the tyre. From Eqns. (5.13) and (5.14)
Kyαα
∗ = Cyζ so
Kyα
Cy
=
ζ
α∗
so δy =
ζ
α∗
5.3 The Magic Formula tyre model
The Magic Formula tyre model began as an empirical static model and devel-
opment was done in a co-operative effort by the Delft University of Technology,
TU-Delft, and Volvo Car Corporation. The dynamic behaviour of the tyre was
added to the model by Pacejka and Besselink in 1997 [36]. It is now well estab-
lished and is undergoing continuous development. It is used to represent tyre
force and moment curves, using more than 150 parameters to characterise the
tyre. The history of the Magic Formula is summarised as follows:
 1987: The first version of the Magic Formula was published by Bakker et al. [32].
 1989: ‘Monte Carlo’ version. Bakker et al. [33].
 1993: ‘Version 3’. Pacejka and Bakker [34].
 1993: Michelin introduced horizontal force generation at combined longitu-
dinal and lateral slip. Bayle et al. [51].
 1996: The Dutch organisation for applied research, TNO, implemented the
Magic Formula in commercial software, MF-Tyre 5.0. [48]
 1997: Pacejka and Besselink 1997 [36] introduced a relatively simple model
for longitudinal and lateral transient behaviour. This version was known as
‘Delft Tyre ‘97’.
 1998: De Vries and Pacejka adapted the Magic Formula model to be more
versatile and cover the larger camber angle range needed for motorcycle
tyres. [37]
 2010: Besselink et al. [52] added the effect of inflation pressure to the Magic
Formula.
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 2013: MF-Tyre / MF Swift 6.2 is the current version at time of writing. [48]
The force and moment curves are described by means of two main formulas, one
based on the sine function and the other on cosine.
5.3.1 The sine formula
The following sine formula is used to describe asymmetric tyre characteristics [36]:
Y = D sin(C arctan(Bx− E(Bx− arctan(Bx)))) + Sv where x = X + Sh
D
y
x
Y
X
Sh
Sv
arctan(BCD)
ya
Xm
Figure 5.9: The curve produced by the sine formula
 X: Input variable, e.g. κ or α.
 Y : Output variable, e.g. Fx or Fy.
 B: Stiffness factor that controls the slope at x = 0. This slope BCD is
known as the ‘stiffness’, so when C and D are fixed, the slope may be
adjusted by B.
 C: Shape factor that controls stretching in the x direction.
 D: Peak value.
 E: Curvature factor E = BXm−tan(pi/2C)
BXm−arctan(BXm) affects the shape of the curve
and the position of xm if it exists. E can be made dependent on the sign
of x by making E = E0 + ∆E · sign(x).
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 Sh: Horizontal shift.
 Sv: Vertical shift.
 Xm: Value of x at which peak value is reached.
 ya: Asymptotic value at large values of x. ya = D sin
(
2pi
C
)
Fig. 5.10 shows the versatility of the sine formula by using it to represent both
Fy and Mz as functions of slip angle α.
Figure 5.10: Fy and Mz versus slip angle α with κ = 0
5.3.2 The cosine formula
The cosine formula is used to describe symmetric tyre characteristics as shown
in Fig. 5.11. It features in the combined slip equations where both α and κ are
non-zero, and is also used to represent the decay of pneumatic trail with slip
angle. The formula is as follows [36]:
Y = D cos(C arctan(Bx− E(Bx− arctan(Bx)))) where x = X + SH
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y
Y
−Sh
−ya
D
X, x
X0
√
2
BC
Figure 5.11: The curve produced by the cosine formula
 X: Input variable, e.g. α.
 Y : Output variable, e.g. pneumatic trail, t.
 B: Determines the shape at the peak as shown by the parabola in Fig. 5.11.
 C: Shape factor C = 2
pi
arccos
(
ya
D
)
determines the level of the horizontal
asymptote.
 D: Peak value.
 E: Factor E = BX0−tan(pi/2C)
BX0−arctan(BX0) changes the shape ar larger values of x.
 Sh: Horizontal shift.
 X0: Value of x at which Y = 0.
 ya: Minus the asymptotic value at large values of X.
5.3.3 Magic Formula inputs and outputs
Fig. 5.12 shows the inputs and outputs of the Magic Formula tyre model. For
the reason explained in Section 5.2.14, turn slip is not used as an input. Fz is the
vertical force exerted on the tyre by the ground, κ and α∗ are longitudinal and
lateral slip respectively. The other inputs are the tyre camber angle γ, the forward
velocity of the wheel, Vx and the tyre inflation pressure P . The model outputs
are the forces Fx and Fy, and the moments Mx, My and Mz. All of the inputs
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and outputs are explained in previous sections. As explained in Sections 5.2.8
and 5.2.10, because the actual tyre profile and pneumatic trail are used when
applying forces to the wheel, Mx and Mz arise implicitly in the model and do not
need to be applied explicitly, as would be the case if the wheels were modelled as
thin discs. My is not included because no parameters were available.
Fz
κ
α∗
γ
Vx
Magic
Formula
P
Fx
Fy
Mx
My
Mz
Figure 5.12: The Magic Formula inputs and outputs
The Magic Formula equations are given in Appendix A. All parameters used
in the equations, other than the input and output parameters shown in Fig. 5.12,
are defined and explained in Appendix A, making it a self-contained ‘black box’,
represented by the block in Fig. 5.12.
5.4 Magic Formula parameters
The tyres used were Dunlop Sportmax GP Racer D211 120/70 ZR17 front and
180/55 ZR17 rear, on 3.5” and 5.5” wheel rim widths respectively. These are the
sizes recommended by Dunlop for the 2004 model CBR600RR. The D211 tyres
are road legal ‘super-sport’ tyres, designed for track-day use, and competition
where the rules stipulate that road legal tyres must be used. Unfortunately, no
Magic Formula parameters were available for these tyres, so they needed to be
estimated as realistically as possible.
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The principle source for the tyre parameters is Sharp et al. [27], which in
turn uses data from [37] and [53]. Parameters are available for three tyre sizes.
Parameters for longitudinal force, Fx, are available for a 160/70 tyre. Parameters
for lateral force, Fy, and aligning moment, Mz are available for the 160/70 tyre
but also for a 120/70 and a 180/55 tyre. Very fortunately, 120/70 and a 180/55
are the sizes of the tyres used in testing for this project. The tyres referenced in
Sharp et al. will be referred to by their sizes while the tyres used in this project
will be referred to simply as ‘front’ and ‘rear’. Fig. 5.13 shows the character of Fx,
Fy, and pneumatic trail for the front and rear tyres at the same non-zero camber
angle. The pneumatic trail is calculated in the equations for Mz in Section A.5,
and is included in the model.
The following procedure was used to complete the tyre models. The param-
eters from Sharp et al. were used, with the longitudinal force parameters from
the 160/70 tyre being used for both the front and rear tyres. Then, by com-
paring graphs of Fx and Fy to known tyres, the parameters were adjusted by
the minimum amount to achieve what was judged to be a realistic character for
the super-sport tyres used in the project. It can be seen in Tables 5.1 to 5.4
that the adjustments to the parameters were relatively few, and perhaps surpris-
ingly, the longitudinal force parameters for the 160/70 tyre did not require much
adjustment for the roles of the 120/70 front and 180/55 rear super-sport tyres.
Assumptions made by Sharp et al. [27] are carried over here. The tyres
are assumed to be symmetric and all shifts are zero, so for the Fx calculation,
SHxα = 0, for the Fy calculation, SHyκ = SV yκ = 0. It is assumed that loss of
longitudinal force due to side slip is unaffected by camber, so rBx3 = 0. All λ
scale factors, e.g. λCx etc. are 1.
5.4.1 Refining the tyre parameters
The parameters derived above are a viable starting point but they cannot be
expected to be an accurate representation of the actual tyres used. Fig. 5.14
illustrates this very well, as it shows a comparison of the estimated and measured
steering angle versus roll angle, using these parameters. Positive values of roll
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Parameter Value Description
pCx1 1.50 Value from 160/70 tyre, adjusted
pDx1 1.44 Value from 160/70 tyre, adjusted
pDx2 -0.20 Value from 160/70 tyre, adjusted
pDx3 0.10 Variation of friction, µx, with camber
pEx1 0.0263 Value from 160/70 tyre
pEx2 0.27056 Value from 160/70 tyre
pEx3 -0.0769 Value from 160/70 tyre
pEx4 0.50 Value from 160/70 tyre, adjusted
pKx1 20.00 Value from 160/70 tyre, adjusted
pKx2 -4.233 Value from 160/70 tyre
pKx3 0.3369 Value from 160/70 tyre
rBx1 13.476 Value from 160/70 tyre
rBx2 8.00 Value from 160/70 tyre, adjusted
rCx1 1.1231 Value from 160/70 tyre
Table 5.1: Non-zero parameters for front tyre Fx. No data for 120/70 tyre
Parameter Value Description
pCy1 1.6 Value from 120/70 tyre, adjusted
pCy2 0.86765 Value from 120/70 tyre
pDy1 1.45 Value from 120/70 tyre, adjusted
pEy1 -1.5 Value from 120/70 tyre, adjusted
pEy2 -3.2068 Value from 120/70 tyre
pEy4 -3.998 Value from 120/70 tyre
pKy1 -22.841 Value from 120/70 tyre, negated
pKy2 2.1578 Value from 120/70 tyre
pKy3 0.2
pKy4 2.0
pKy5 -0.22882 Value from 120/70 tyre
pKy6 -0.69677 Value from 120/70 tyre, negated
pKy7 -0.03077 Value from 120/70 tyre
pV y3 -0.5
rBy1 5.00 Value from 120/70 tyre, adjusted
rBy2 8.1697 Value from 160/70 tyre
rBy3 -0.05914 Value from 160/70 tyre
rCy1 1.0533 Value from 160/70 tyre
rV y5 1.00
Table 5.2: Non-zero parameters for front tyre Fy
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Parameter Value Description
pCx1 1.50 Value from 160/70 tyre, adjusted
pDx1 1.50 Value from 160/70 tyre, adjusted
pDx2 -0.20 Value from 160/70 tyre, adjusted
pDx3 0.10 Variation of friction, µx, with camber
pEx1 0.0263 Value from 160/70 tyre
pEx2 0.27056 Value from 160/70 tyre
pEx3 -0.0769 Value from 160/70 tyre
pEx4 0.50 Value from 160/70 tyre, adjusted
pKx1 25.94 Value from 160/70 tyre
pKx2 -4.233 Value from 160/70 tyre
pKx3 0.3369 Value from 160/70 tyre
rBx1 13.476 Value from 160/70 tyre
rBx2 11.354 Value from 160/70 tyre
rCx1 1.1231 Value from 160/70 tyre
Table 5.3: Non-zero parameters for rear tyre Fx. No data for 180/55 tyre
Parameter Value Description
pCy1 1.50 Value from 180/55 tyre, adjusted
pCy2 0.61397 Value from 180/55 tyre
pDy1 1.56 Value from 180/55 tyre, adjusted
pEy1 -0.94635 Value from 160/70 tyre
pEy2 -1.669 Value from 180/55 tyre
pEy4 -4.288 Value from 180/55 tyre
pEy5 2.00 Value from 180/55 tyre, adjusted
pKy1 -26.601 Value from 160/70 tyre, negated
pKy2 1.6935 Value from 180/55 tyre
pKy3 0.29113
pKy4 2.00
pKy5 0.18708 Value from 180/55 tyre
pKy6 -1.10 Value from 180/55 tyre, negated and adjusted
pKy7 0.013293 Value from 180/55 tyre
pV y3 -0.5
rBy1 7.7856 Value from 160/70 tyre
rBy2 8.1697 Value from 160/70 tyre
rBy3 -0.05914 Value from 160/70 tyre
rCy1 1.0533 Value from 160/70 tyre
rV y5 1.00
Table 5.4: Non-zero parameters for rear tyre Fy
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Figure 5.13: Comparison of front and rear tyre character
angle mean the bike is leaned to the right and positive values of steering angle
mean the bike is steered to the left. It can be seen that apart from the very slow
right-hand corner, which stands apart in the lower right area of the plots, the
measured steady state steering angle in the faster corners is approximately 0.15◦
in the opposite direction to the turn. In other words, at maximum lean in a right
hand corner, the bars are turned 0.15◦ to the left. The estimated steering angle,
on the other hand, is approximately 2◦ to the right. It appears that in order to
generate the lateral force required to maintain dynamic equilibrium, the model
needs to create a steering angle that differs significantly from the real value.
Steering behaviour is closely connected with the characteristics of both tyres.
This is examined in Sections 7.5 and 7.6. It may be the case that the front tyre
model does not generate sufficient lateral force from camber thrust and needs to
make up the deficit in slip-generated force. It was decided to use the error in
steering angle to tune the tyre parameters. An error function was devised which
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Figure 5.14: Steering angle vs. roll angle using initial set of tyre parameters
consisted of the weighted difference between measured and estimated values for
steering, front suspension and rear suspension. Suspension position was included
in the error function to prevent anomalous behaviour from creeping in as the
tyre parameters were altered. The error was minimised using the ‘golden section’
optimisation method for each lateral force tyre parameter. Fig. 5.15 illustrates
the optimisation process for the front tyre parameter pDy1, which determines
lateral friction µy at nominal vertical force Fz. The initial value is 1.45, as shown
in Table 5.2. The lower and upper initial values chosen to bracket the optimum
value were 0.5 and 1.5 times the initial value, or 0.725 and 2.175. A tolerance
of 0.05 was set, and the optimisation algorithm made six passes. The optimal
value was found to be pDy1 = 1.671. The optimisation process was carried out in
a similar way for the other lateral force parameters for both tyres.
When the optimisation procedure was finished, the estimated steering angle
was as shown in Fig. 5.16. The steering behaviour at maximum lean is now
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Figure 5.15: Optimisation of front tyre pDy1
predicted well by the model for both fast and slow corners. This procedure is not
expected to reproduce the actual parameter set for the tyres. There are many
parameter configurations which will give similar results for steering angle and
suspension position. It is merely a way of adjusting a set of parameters that is
known to be only approximate, in order to make the behaviour closer to the real
tyres.
Original Modified
Front pCy1 1.60 0.80 Cy from the Magic Formula
Front pDy1 1.45 1.67 Lateral friction, µy
Front pEy1 -1.50 -2.25 Lateral curvature Ey at nominal Fz
Front pEy2 -3.21 -1.60 Variation of Ey with Fz
Front pEy4 -4.00 -6.00 Variation of Ey with camber
Front pKy1 -22.84 -50.00 Cornering stiffness Kyα scaling factor
Front pKy2 2.16 1.00 Load at which Kyα reaches max. value
Front pKy6 -0.70 -0.90 Camber stiffness scaling factor
Front pV y3 -0.50 -0.56 Variation of shift SV yγ with camber
Rear pKy2 1.69 1.60 Load at which Kyα reaches max. value
Rear pKy6 -1.10 -0.75 Camber stiffness scaling factor
Table 5.5: Modified Fy tyre parameters
The modified parameters are shown in Table 5.5. The resulting steering be-
haviour is shown in Fig. 5.16 for one lap of Nutts Corner ridden by Jeremy
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McWilliams, [54] and in Fig. 5.17 for one lap of Mondello Park ridden by the
writer during preliminary validation. The steering angle at maximum roll angle
now corresponds well with the measured values on both race tracks for both fast
and slow corners. Much of the steering movement around the upright position in
the upper plot in Fig. 5.16 is missing from the estimated data in the lower plot,
but the model assumes a completely flat road surface and the suspension graphs
in Chapter 7 show a lot of suspension movement due to the topography of the
track. Jeremy’s input to the steering in Nutts Corner is clearly greater in real-
ity. There is also a good correlation between the recorded and estimated steering
angle in Fig. 5.17. The large steering movements around the upright position
visible on Jeremy’s data are absent because direction changes by a novice rider
are much more tentative.
The relationship between steering and roll angle in Fig. 5.17 is clearly different
from that in Fig. 5.16. This may be due to the fact that, not having ridden on a
race track in many years, the writer has the habit, common among novice riders,
of not shifting his weight to the inside on approaching a corner and then keeping
his body too upright while in the corner. The shift in mass centre between
professional and novice riders is one of the key differences between them.
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Figure 5.16: Steering angle vs. roll angle in Nutts Corner using adjusted set of
tyre parameters
Figure 5.17: Steering angle vs. roll angle in Mondello Park using adjusted set of
tyre parameters
5.5 Tyre profile
The co-ordinates, in the wheel local reference frame, of the tyre to ground contact
point must be available as a function of wheel camber angle, so the tyre profiles
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had to be measured. This was done by fixing a number of small pieces of card
together as a template, so that each edge was at a tangent to the tyre profile
as shown in Fig. 5.18. The co-ordinates of the tangent points were transferred
to graph paper as shown in Fig. 5.19, and measured. This photo also shows the
orientation of the y and z axes in the tyre local co-ordinate system. The marks
labelled A are the end points of the tread and are used to align and centre the
template. The measured points are shown in Table 5.6. Using a tape measure,
the centre-line circumference of the front and rear tyres were found to be 1905
mm and 2013 mm respectively, corresponding to unloaded rolling radii of 303.2
mm and 320.4 mm respectively. The z co-ordinates in Table 5.6 are relative to the
edge of the tread and must be combined with the rolling radius to find their true
values. As none of the measured tangent points happen to be on the centre line,
a sensible z value was chosen visually on the centre line of the tyre (y = 0). These
were z = 49.5 for the front and z = 56.0 for the rear. As the measured tangent
points are asymmetrical, they were mirrored to effectively double the number of
measurements on each side of the tyre, thereby reducing the measurement error.
This resulted in the values shown in the left-hand pair of columns in Tables 5.7
and 5.8.
Figure 5.18: Card template on front tyre
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Front Rear
y z y z
-59.5 0.0 -92.0 0.0
-54.0 13.5 -81.5 15.5
-35.5 37.5 -64.0 34.5
-14.5 48.5 -46.0 46.0
10.5 48.5 -22.0 54.0
32.0 41.0 4.0 56.0
50.0 23.0 26.0 53.0
59.5 0.0 43.5 47.0
61.0 36.5
82.0 14.0
92.0 0.0
Table 5.6: Measured tyre profile tangent points
Measured Profile fitting function and absolute error
y z Circle Error Ellipse Error Poly. Error
0.0 303.2 303.1 0.082 303.2 0.000 303.5 0.292
10.5 302.2 302.2 0.000 302.3 0.074 302.5 0.310
14.5 302.2 301.3 0.845 301.4 0.778 301.6 0.572
32.0 294.7 294.0 0.733 294.0 0.731 294.3 0.389
35.5 291.2 291.6 0.414 291.6 0.397 292.0 0.775
50.0 276.7 276.7 0.002 276.6 0.120 275.7 0.957
54.0 267.2 269.9 2.733 269.8 2.584 268.0 0.850
59.5 253.7 253.7 0.000 253.7 0.000 253.5 0.164
4.809 4.683 4.308
Table 5.7: Front tyre profile, measured and fitted
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Figure 5.19: Transferring tyre profile tangent points to graph paper
Once the tyre profile had been measured, a function was needed to describe the
tyre profile as accurately as possible. Three candidate functions were compared;
a semicircle, a semi-ellipse and a polynomial. The formulas for the semicircle and
semi-ellipse are as follows, with the parameters as shown in Fig. 5.20.
z =
√
r2 − y2 + c semicircle
z =
b
a
√
a2 − y2 + c semi-ellipse
These functions were fitted to the measured data by optimising the parameters
a
b
c
r
Semicircle Semi-ellipse
Figure 5.20: Tyre profile semicircle and semi-ellipse
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Measured Profile fitting function and absolute error
y z Circle Error Ellipse Error Poly. Error
0.0 320.4 321.4 0.990 320.7 0.271 320.4 0.023
4.0 320.4 321.3 0.910 320.6 0.195 320.3 0.043
22.0 318.4 318.9 0.533 318.3 0.060 318.3 0.040
26.0 317.4 317.9 0.541 317.4 0.000 317.5 0.097
43.5 311.4 311.4 0.000 311.2 0.186 311.4 0.057
46.0 310.4 310.1 0.256 310.0 0.371 310.2 0.158
61.0 299.9 300.5 0.651 301.0 1.111 300.6 0.733
64.0 298.9 298.1 0.764 298.7 0.148 298.2 0.727
81.5 279.9 279.1 0.784 281.2 1.288 279.5 0.370
82.0 278.4 278.4 0.001 280.5 2.138 278.9 0.480
92.0 264.4 260.1 4.293 264.4 0.000 264.3 0.040
9.724 5.767 2.767
Table 5.8: Rear tyre profile, measured and fitted
a, b, c and r, using the ‘golden section’ method [55] to minimise the overall error
in z. The fitted z values along with their errors, and the overall error in z for
these functions are shown in Tables 5.7 and 5.8.
A sixth order polynomial was found to work well and, because the tyre profile
is symmetrical, only even terms are needed. This has the form:
z = f(y) = a1y
6 + a2y
4 + a3y
2 + a4 (5.17)
The coefficients a1 . . . a4 were found using the least squares curve fitting method
on the measured data in Tables 5.7 and 5.8, with the data mirrored about the
centre line of the tyre to represent the complete profile. The fitted values and their
errors are shown in the right-hand pair of columns in those tables and the overall
error in z is shown at the bottom. In Table 5.7, for the front tyre, it is clear from
the overall z errors that all three functions fit the measured data more-or-less
equally well, which implies that the tyre profile is approximately semi-circular.
The rear tyre data in Table 5.8, on the other hand, shows a marked difference in
the overall z error for the three functions, with the polynomial giving the best
quality fit. This implies, within the margin for measurement error, that the rear
tyre profile is more complex than a semi-ellipse. Fig. 5.21 shows the measured
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points for both the front and rear tyres, along with the fitted functions. The plot
verifies that all three function types can model the front tyre quite well, but the
rear tyre shows an increase in radius, i.e. a flattening of the profile, near the edge
of the tyre that cannot be modelled well by either a semicircle or a semi-ellipse.
In fact, the semicircle function gives a noticeably poor fit overall. It was therefore
decided to proceed using the polynomial function.
Figure 5.21: Tyre profile measurements and fitted functions
The camber angle is the tangent to the tyre profile at any point, or in other
words, the rate of change of z with respect to y, i.e.
γ =
dz
dy
= 6a1y
5 + 4a2y
3 + 2a3y
Now, z and γ can be expressed in terms of y, so it is possible to create an array of
y values and calculate arrays of corresponding z and γ values. The curve fitting
procedure can now be repeated to find polynomials describing the co-ordinates y
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and z in terms of γ, as follows:
y = b1γ
5 + b2γ
3 + b3γ (5.18)
z = c1γ
6 + c2γ
4 + c3γ
2 + c4 (5.19)
Note that y is asymmetrical and uses only odd terms while z is symmetrical and
uses only even terms. Eqn. (5.18) is plotted in Fig. 5.22 and Eqn. (5.19) is plotted
in Fig. 5.23. It is interesting to note from Fig. 5.23 that with a matched pair of
supersport tyres, the vertical height, Z, of the front and rear are equal at around
50◦ bank angle. In other words, at the point where the rider is at maximum lean,
the tyres do not impose a pitch angle on the bike. For validation, Fig. 5.24 shows
Figure 5.22: Tyre Y co-ordinate versus camber
the polynomials for y and z in Eqns. (5.18) and (5.19) plotted against each other
and overlaid with the measurement points from Tables 5.7 and 5.8. The results
look identical to Fig. 5.21. The coefficients in Eqns. (5.17), (5.18) and (5.19) are
shown in Tables 5.9 and 5.10.
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Figure 5.23: Tyre Z co-ordinate versus camber
Figure 5.24: Tyre profile measurements and polynomials in γ
Coeff. a b c
1 −5.759× 105 −6.188× 10−3 −1.320× 10−2
2 5.839× 102 1.954× 10−2 2.487× 10−2
3 −8.960 −6.240× 10−2 −3.755× 10−2
4 0.3035 0.3034
Table 5.9: Front tyre profile polynomial coefficients
150
5.5. Tyre profile
Coeff. a b c
1 6.406× 103 −3.936× 10−2 −3.133× 10−2
2 −3.533× 102 5.961× 10−2 2.816× 10−2
3 −4.093 −0.1109 −5.060× 10−2
4 0.3204 0.3202
Table 5.10: Rear tyre profile polynomial coefficients
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Chapter 6
Sensing and Data Logging
This chapter explains how the data used in the thesis was recorded and processed.
The data recording hardware, its interface to the motorcycle and the sensors are
explained in detail. The data recording configuration and analysis software is
also covered.
6.1 Introduction
A 2004 model Honda CBR600RR was used to record the data. Although the
bike is street legal, the most important data for the thesis was recorded at Nutts
Corner race track in Northern Ireland, where the bike was ridden by professional
motorcycle racer and test rider Jeremy McWilliams. [54] This allowed the bike
to be ridden at a performance level that would be unattainable in other cir-
cumstances. ‘Coast-down’ testing was carried out to measure aerodynamic and
mechanical drag, and a preliminary validation test was performed by the writer at
Mondello Park race circuit to confirm the operation of the bike and data record-
ing equipment. The data recording system was supplied by 2D Debus & Diebold
Meßsysteme GmbH, also known as 2D Datarecoding. 2D have been at the fore-
front of data recording in motorcycle racing since the early 1990s and both their
hardware and software are very well suited to motorcycles.
The criteria for choosing the recorded channels are as follows. Wheel torques
are important inputs to the dynamic model but it is difficult to measure them
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directly on a motorcycle. Negative wheel torque may be estimated from measured
brake pressures. Positive rear wheel torque is a function of engine torque and
overall drive-train gear ratio. The engine torque is itself a function of throttle
position and engine speed so it may be accessed from a table, which is indexed
by those measured values. Front and rear wheel angular velocities were recorded
as they are used in the controller for the model. Steering, suspension positions
and GPS location and speed were recorded for validation purposes. An IMU is
attached to the main frame and this provided accelerations and angular velocities
on three orthogonal axes. These were used for both control and model validation.
On the CBR600RR, the signal for the speedometer is generated by a Hall effect
sensor which is triggered by one of the gears on the gearbox output shaft. By
comparing the engine speed to the pulse frequency, and knowing the gear ratios,
it was found that the sensor takes its reading from the 6th gear wheel. This
channel was also recorded for data validation because although the chain drive
creates a dead-band non-linearity between the gearbox output shaft and the rear
wheel, the output shaft speed is captured at much higher resolution than the four
pulses per revolution of the rear wheel speed sensor.
The main track test was carried out at Nutts Corner circuit in dry conditions
with Jeremy McWilliams riding the bike. Two runs were made. The first was
three timed laps to check the bike and data recording equipment. The second
was a run of seven timed laps. The data in the thesis is from two consecutive
laps in the second run with lap-times 38.508 and 38.015 seconds respectively.
Coast-down testing is the term used when the bike is allowed to slow down
from high speed without using the brakes. This may be done with the clutch
disengaged, in which case, engine frictional torque does not contribute to decel-
eration. Alternatively, the bike may be allowed to decelerate with the clutch
engaged so that engine frictional torque is a contributing factor. The effect of
engine frictional torque can be isolated by comparing both tests. The coast-down
tests were performed on a level piece of road in calm and dry conditions. The
tests to isolate engine frictional torque were carried out in fourth gear. The high
speed coast-down runs with the clutch disengaged are primarily to estimate aero-
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dynamic drag and were performed with the rider presenting the lowest possible
frontal area.
6.2 Data logging hardware overview
Front wheel speed
Rear wheel speed
Engine speed
Output shaft speed
Brake pressure, front
Brake pressure, rear
Suspension position, front
Suspension position, rear
CAN Bus
Throttle position
Steering position
GPS Antenna
Sensor
Interface
IMU Data Logger
USB
Memory
Figure 6.1: Data logger and sensor interface unit
The data recording hardware consists of a data logger, a sensor interface
module, and various sensors as shown in Fig. 6.1. The data logger, sensor interface
and the IMU are connected by CAN bus. The 2004 CBR600RR does not have a
CAN bus, so it was necessary to splice into the bike wiring harness to measure
throttle position, engine speed and output shaft speed.
6.3 The CAN bus
The CAN bus is ubiquitous in the automotive world. It is a bus standard designed
to allow electronic control units to communicate with each other without a host
computer. Devices connected to the bus are called nodes, and the nodes broadcast
messages that can be ‘heard’ by every other node. The nodes are connected to
the bus in wired-AND fashion. This means that if any node is broadcasting a
logical 0, the entire bus is in logical 0 state, regardless of how many nodes are
broadcasting a logical 1. It is a two wire bus, CAN-H (high) and CAN-L (low),
and uses a differential voltage. When the bus is in logical 1 state, both wires
are at 2.5 volts. At logical 0, the CAN-H wire goes to 3.75 volts and CAN-L
goes to 1.25 volt, creating a differential of 2.5 volts. To prevent reflections on the
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cable, the bus is terminated at each end by 120Ω resistors. These can be set on
a 2D CAN module by checking a box in the setting software. The 2D CAN bus
conforms to ISO 11898-2 high speed CAN standard [56], and all modules have
a default baud rate of 1 Mbaud. The standard CAN data frame consists of the
following eight fields:
 1 bit SOF (start of frame) forces the bus to logical zero to tell all nodes
that a message is coming.
 29 bit CAN ID contains the CAN address of the sender as well as the
message priority. Other nodes read this and decide if the message is of
interest to them.
 1 bit RTR (remote transmission request) allows nodes to request messages
from other nodes.
 6 bit CONTROL informs the length of the data in bytes (0 to 8 bytes).
 0-64 bit DATA contains the transmitted data.
 16 bit CRC (cyclic redundancy check) checks data integrity.
 2 bit ACK indicates if the CRC process was successful.
 7 bit EOF marks the end of the CAN message.
The 64 bit data frame means that each frame can hold data samples from four
16 bit channels, so 2D modules allow data from four channels to be sent in the
same data frame, which means they share the same CAN ID. The setting software
allows this to be configured in the module that is sending the data. The setting
software also configures the data logger to choose which channels to log from the
CAN bus, based on their CAN ID and position in the data frame. Data can
be placed in the frame using either the ‘big-endian’ or ‘little-endian’ convention.
Big and little-endian refers to the order in which bytes are arranged into larger
numerical values. Fig. 6.2 shows the data-logger setting dialog that configures a
CAN channel to be recorded from the bus. The CAN ID is 0x499 and the data
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is expected to be stored in big-endian format in bytes 0 and 1. The channel will
be sampled from the CAN bus 800 times per second. The data format when
displayed numerically can be set and the data can be filtered if required.
Figure 6.2: Configuring a CAN channel
6.4 The data logger
The data was recorded using 2D’s USB stick logger which records all data directly
onto a USB memory stick. A download cable is not necessary as the memory stick
is unplugged from the logger and plugged directly into the computer. Changing
the logger settings can be done either by copying a setting file to the memory
stick or by connecting the logger USB socket to the computer by a standard USB
cable. The memory stick must be formatted with a proprietary 2D FAT32 file
system, using a 2D formatting utility. The maximum size of a stick is limited
only by the FAT32 file system, i.e. up to 8 TB. Although it has two 16 bit analog
inputs, and on-board GPS, the logger is designed to receive most of the data via
the CAN bus. Data is placed on the bus by the sensor interface unit and IMU,
and the logger reads the data from the bus at the appropriate sampling rate.
The data logger may be configured to begin recording after a fixed time.
Alternatively, a threshold value may be set on any input channel, and recording
begins once the threshold has been crossed. A wheel speed threshold may be used
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to ensure that recording commences once the bike begins to move. During set-up
and testing when the bike is not running, a throttle position threshold allows the
user to start the recording manually by simply opening the throttle. Recording
continues until power is disconnected from the logger or until the memory is full.
Figure 6.3: Data logger (right) and sensor interface unit (left) installation
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6.5 The sensor interface module
The wheel speed, brake pressure, suspension, engine speed and output shaft speed
measurements are routed to the sensor interface module, which is connected to
the data logger by the CAN bus.
6.5.1 Analog channels
The 2D data logger and sensor interface unit, use 16 bit analog to digital converter
(ADC)s. The maximum sampling rate is the same as the base sampling rate of
the logger, which in this case is 800 samples per second. To minimise aliasing,
all channels are sampled at the base sampling rate and an average is calculated
depending on the selected sampling rate for each channel. Calibration is by means
of a multiplier and offset, as shown.
V alue = Digits ∗Multiplier +Offset
Calibration may be done in the following ways.
 The multiplier and offset are entered directly.
 As above, but the multiplier is entered as a ratio.
 The upper and lower physical values, and upper and lower digits are entered.
 The sensor is moved through its full range and the upper and lower values
are set automatically. For example, this is a convenient way to calibrate
throttle position.
 The multiplier is set manually and the offset is set by moving the sensor to
the zero position and activating a dialog button. This is a convenient way
to calibrate suspension position, where the top-out position is set.
Each channel is given a name and dimension, the format for data display is set
and a filter may be applied if required. If the analog input is to a module which
will place the data on the CAN bus, the CAN address, location in the data frame
and byte order are set.
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6.5.2 Digital channels
The 2D data logger and sensor interface unit do not have any physical digital
inputs. Instead, digital channels use analog channels as their source, to which
sensors such as Hall effect or inductive sensors are connected. The sensor interface
unit has four digital channels which may be used in this way. A digital channel
is chosen and the signal source is set to the appropriate analog channel. A check-
box enables an internal 10 kΩ pull-up resistor on the analog channel if required.
The digital channel may be set to trigger on the rising or falling edge of the
signal. Upper and lower comparator threshold settings allow hysteresis to be set.
A timeout value may be set to ignore any spurious pulses following the initial
signal pulse. 2D expect digital channels to be used most often for wheel speeds
and engine speed, so the setting utility is designed to make it easy to configure
these two functions. The details are explained in Sections 6.6.1 and 6.6.5. As
with analog channels, the digital channel is given a name and dimension, the
data format is set, and a filter may be applied if required. If the digital channel
is in a module which will place its data on the CAN bus, then the CAN address,
location in the data frame and byte order are set.
6.6 Recorded channels
The recorded measurements are as follows:
 Engine speed
 Throttle position
 IMU rate gyros and accelerometers
 Front wheel angular velocity
 Rear wheel angular velocity
 Front suspension position
 Rear suspension position
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 Steering position
 Front brake pressure
 Rear brake pressure
 Gearbox output shaft speed
 GPS position and speed
6.6.1 Engine speed
The CBR600RR determines the crankshaft position by means of two inductive
sensors, one on the crankshaft and one on the exhaust camshaft. The crankshaft
sensor is excited by a toothed wheel with twelve evenly spaced teeth, which are
oriented accurately with respect to crankshaft position. This is shown in Fig. 6.4.
The camshaft sensor provides a reference pulse to indicate whether the engine
position is in the 0◦ to 360◦ or 360◦ to 720◦ range, and to notify the engine control
unit (ECU) that the following crankshaft pulse denotes the reference crankshaft
position. The crankshaft sensor signal is routed to an analog input on the sensor
interface unit. Fig. 6.5 shows how an engine speed channel is configured on the
2D system. A digital channel is chosen and the source is set to the analog engine
speed channel. Upper and lower comparator threshold settings allow hysteresis.
A timeout value may be set to ignore any spurious pulses following the signal
pulse. The number of pulses on the toothed wheel are set, in this case twelve.
If the toothed wheel revolves at engine speed, the circumference parameter is
set to 1. If the toothed wheel revolves at half engine speed, as in the case of a
camshaft, the circumference is set to 2. The sample rate is chosen and the data
display format is set. A filter may be applied if required. The CAN parameters
are also set.
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Figure 6.4: CBR600RR crankshaft trigger wheel, bottom right (12 pulses per
revolution). The back-torque limiting clutch is also shown.
Figure 6.5: Engine speed channel setting
6.6.2 Throttle position
Throttle position is measured by a rotary potentiometer on the throttle body and
the signal is routed to the ECU. The signal wire was spliced and routed to an
analog channel input on the data logger. The channel was calibrated using the
2D setting software. For channels with clearly defined upper and lower limits, the
software provides a function whereby the sensor is moved through its full range
and the limits are set automatically.
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6.6.3 Gear position
Rear wheel torque is the engine torque divided by the primary, gearbox and final
drive gear ratios, as shown in Table 6.1. The selected gearbox ratio at every point
in time must therefore be known. The CBR600RR does not have a gear position
sensor, so a gear position channel is calculated using the ‘gear speed assistant’
feature of the 2D software. This calculates the ratio between engine speed and
vehicle speed at every sampling interval. The vehicle speed channel can be chosen
as a wheel speed or, as in this case, GPS speed. The user selects a value of engine
speed for which the calculation will be done, in this case, 12,000 rpm. The speed
ratio must take on discrete values depending on which gear is engaged and these
are used to calculate a gear position channel. Fig. 6.6 shows the dialog and
frequency graph of the gear speed assistant. The horizontal axis of the frequency
graph is vehicle speed as measured by GPS. The vertical axis is the frequency at
which engine speed matches the chosen value.
Drive Driven
1st 12 32
2nd 16 31
33d 18 29
4th 22 31
5th 23 29
6th 24 28
Primary 36 76
Final 14 42
Table 6.1: Gear ratios (number of teeth)
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(a) Gear speed assistant dialog (b) Gear ratio frequency graph
Figure 6.6: The 2D gear speed assistant
6.6.4 The inertial measurement unit
The IMU houses three accelerometers and three rate gyros, mounted orthogonally.
The axis orientation is shown in Fig. 6.7. Gyro orientation uses the right-hand
rule, i.e. if an axis is grasped with the right hand, with the thumb pointing in
the positive direction, then the fingers point in the positive direction of rotation.
Each sensor is sampled internally at 1600 Hz, and a moving average is calculated
depending on the selected sampling rate, so for example, if the user selects a
sampling rate of 100 Hz, then every 16 samples are averaged. In the test data,
the sampling rate is 800 Hz, which is the highest sampling rate possible. This was
chosen to allow maximum scope for any necessary post-processing, i.e. filtering.
The mounting bracket for the headlight and instrument assembly was chosen
as the location for the IMU. This is fixed rigidly to the main frame. A support
bracket for the IMU was designed using computer-aided design (CAD) software,
as shown in Fig. 6.8. The internal angle in the IMU support bracket was cho-
sen as follows. The bike was suspended with the wheels equidistant above level
ground, as shown in Fig. 6.9. A spirit level and clinometer were used to measure
the angle of the bike bracket to the horizontal. The IMU support bracket was 3D
printed by Maynooth University Library, using maximum infill to create a solid
block. Various measures were tested to minimise the effect of engine vibration,
which particularly affected the vertical accelerometer. Fig. 6.10 shows the IMU
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Figure 6.7: Orientation of IMU axes. Figure courtesy of 2D Datarecording
Figure 6.8: IMU mounting bracket
Figure 6.9: Preparation for IMU mounting
mounted on a block of Sorbothane viscoelastic material which is often used as
a vibration damper. This arrangement was unsatisfactory as it introduced ad-
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ditional dynamic behaviour of the IMU. The arrangement which minimised the
effects of engine vibration was to fill the hollow bike bracket with aluminium-
impregnated epoxy resin as shown in Fig. 6.12. This increased the mass and
rigidity of the bracket, and reduced its tendency to resonate. The IMU is also
shown in Fig. 6.13.
Figure 6.10: The IMU mounted on a Sorbothane pad
Figure 6.11: The IMU final mounting arrangement
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Figure 6.12: Aluminium epoxy filler in the instrument mounting bracket
Figure 6.13: IMU and front suspension stroke sensor
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6.6.5 Front wheel speed
The 2004 CBR600RR is not equipped with anti-lock brakes, so wheel speed sen-
sors are not fitted as standard. The first approach was to source components
from a later ABS equipped model. Fig. 6.14. shows a later-model ABS trigger
ring fitted. Unfortunately, as the photograph shows, there was insufficient clear-
ance between the ring and the fork leg so this approach had to be abandoned.
Instead, it was decided to use the six brake disc mounting bolts to trigger a prox-
imity sensor. A mounting bracket was drawn in CAD, as shown in Fig. 6.15, and
plasma-cut from sheet steel to allow a Hall effect sensor to be mounted adjacent
to the bolts, as shown in Fig. 6.16. Although the resolution of six pulses per
revolution is much lower than the fifty pulses per revolution of the ABS trigger
disc, it proved to be more than adequate.
Figure 6.14: Front wheel speed sensor ring from later model
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Figure 6.15: Front wheel speed sensor mounting bracket (sheet metal)
Figure 6.16: Front wheel speed sensor
The 2D setting software dialogs for the front wheel speed channel are shown
in Fig. 6.17. This is a digital channel, so the analog channel to which the sensor is
connected must be selected as the signal source. The nominal wheel circumference
and number of pulses per revolution are set. Triggering thresholds and a time-out
allow hysteresis to be set, and spurious pulses following the primary pulse to be
disregarded. A filter may be applied and the numerical format of the displayed
data may be set.
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(a) General dialog tab (b) Parameters dialog tab
Figure 6.17: Front wheel speed channel setting
6.6.6 Rear wheel speed
As in the case of front wheel speed, it proved impossible to fit ABS wheel speed
components from a later model bike, so the four rear brake disc mounting bolts
are used to trigger a proximity sensor, as shown in Fig. 6.18. A bracket to mount
the Hall effect sensor was welded to the existing rear brake mounting bracket. As
in the case of front wheel speed, this resolution proved to be more than adequate.
Configuration of the rear wheel speed channel is similar to the front wheel speed
as explained in Section 6.6.5.
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Figure 6.18: Rear wheel speed and rear brake pressure sensors
6.6.7 Front suspension position
The front suspension stroke sensor is a linear potentiometer and a reference volt-
age of 5v is supplied by the sensor interface unit. The sensor is fitted to the
left-hand fork leg, as shown in Figs. 6.20 and 6.13. The upper end is mounted to
the fork clamp using a small metal bracket. The lower bracket shown in Fig. 6.19
was drawn in CAD, and 3D printed by Maynooth University Library. Maximum
infill was used to create a solid part that could be used structurally in this role.
The bracket locates in a groove in the lower fork leg and is secured by adhesive
and a cable tie. The stroke of the sensor is 150 mm and the ADC is 16 bit, so
when calibrating the sensor, the multiplier is set to 150
216−1 . The offset is set by
suspending the bike with the wheel off the ground and activating a dialog button
to ‘zero’ the channel.
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(a) Front stroke sensor lower
bracket
(b) Steering sensor mount-
ing bracket
Figure 6.19: 3D printed brackets
Figure 6.20: Front suspension stroke sensor mounted on left-hand fork leg. Steer-
ing and front brake pressure sensors are also shown
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6.6.8 Rear suspension position
The rear suspension stroke sensor is a linear potentiometer and is shown in
Fig. 6.21. A reference voltage of 5v is supplied by the sensor interface unit.
The signal from the sensor must provide two measurements; swing-arm angle,
which is a state variable in the model, and shock absorber position, which is
needed to calculate the spring and damping forces. Ideally, the stroke sensor
would be mounted on the shock absorber and measure its stroke directly. How-
ever, the shock absorber installation on the CBR600RR is not spacious, so this
was impossible. Instead, it is mounted as shown in Fig. 6.22, and the geometry
was measured with the suspension fully extended. A is the length of the stroke
sensor with the suspension fully extended: A = 241 mm, B = 485 mm, and
C = 370 mm. The swing-arm angle and shock absorber length at full exten-
sion of the suspension are known from the bike geometry, and the angle change
of the swing-arm from the fully extended position is easily calculated from the
stroke sensor displacement. The swing-arm angle to the horizontal* is created as
a calculated channel in post-processing. This measurement is the state variable
q2. The shock absorber displacement is created as a calculated channel using the
geometry of the rear suspension linkage as shown in Fig. 6.23.
The rear stroke sensor was calibrated in a similar way to the front, as described
in Section 6.6.7. The sensor stroke is 75 mm and the ADC is 16 bit, so the
multiplier is 75
216−1 . The zero-travel position is calibrated with the wheel off the
ground, i.e. with the rear suspension fully extended. As with the front stroke
sensor, the channel is ‘zeroed’ using a dialog button in the calibration software.
* This refers to the horizontal in reference frame A, i.e. the reference frame which is aligned
with the main frame of the bike.
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Figure 6.21: Rear suspension stroke sensor
A
B
C
Figure 6.22: Rear stroke sensor geometry
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Figure 6.23: The Unit Pro-link rear suspension system
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6.6.9 Steering angle
The steering position is measured using a similar 75 mm stroke sensor mounted
on the steering damper, as shown in Fig. 6.24. The mounting bracket shown in
Fig. 6.19 was drawn in CAD and 3D printed by Maynooth University Library with
solid infill, so that it could be used as a structural part. The sensor calibration
is identical to the rear stroke sensor except that the channel is zeroed with the
steering in the straight ahead position. The mounting geometry of the steering
damper is used to convert the linear stroke to steering angle in post-processing.
Figure 6.24: Steering sensor in place on the steering damper
6.6.10 Brake pressures
Front and rear hydraulic brake pressures are measured using pressure sensors
with a range of 0 to 100 Bar. The sensor installations are shown in Figs. 6.25
and 6.18. The calibration multiplier for both pressure sensors are 100
216−1 and
the offset is zero. The relationship between brake pressures and wheel torques
could be calculated with reference to brake disc swept area and brake pad friction
coefficients if available, but in fact proportional constants were found by matching
deceleration rates, after other factors such as aerodynamic and mechanical drag
had been established.
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Figure 6.25: Front brake pressure sensor
6.6.11 Calculating wheel torques
Rear wheel drive torque is calculated from engine torque and gear position, which
are described in Sections 4.7 and 6.6.3. Front and rear wheel braking torque are
estimated from front and rear brake pressure as described in Section 6.6.10.
6.6.12 GPS
The GPS channels are primarily used for data validation. The GPS position is
used to validate the vehicle X and Y positions calculated by the model. The
GPS speed channel has a low sample rate and is lagged with respect to actual
vehicle speed, but nevertheless is a useful reference when setting up the wheel
speed channels. Front wheel speed is affected by wheelies and rear wheel speed
by tyre slip, especially on corner entry. GPS speed has the advantage that it is
unaffected by these and it was chosen as the speed channel when calculating the
gear position, as explained in Section 6.6.3.
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Figure 6.26: The GPS Antenna mounted on the tail unit
6.7 Coast-down testing
Figure 6.27: Coast-down test speeds
Two coast-down tests were carried out, one in 4th gear with the clutch engaged,
beginning at maximum engine speed of 14,000 rpm and ending at 3,000 rpm, and
the other coast-down test in a similar road speed range but with the clutch dis-
engaged. Comparing acceleration data from the two tests allows engine negative
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torque to be differentiated from other sources of drag and evaluated with respect
to engine speed. This gives the closed-throttle torque curve, which when com-
bined with the full throttle torque curve, allows the engine torque to be estimated
over the full range of throttle position and engine speed. To remove any possibil-
ity of clutch slip in the 4th gear test, the torque limiting clutch was removed, and
the standard one fitted. Fig. 6.27 shows the coast-down speeds plotted against
time. The freewheel test began at a slightly lower speed than intended, partly
due to space considerations, as the bike decelerates over a much greater distance.
It was therefore necessary to extrapolate the speed to a higher value to match the
speed range of the 4th gear test. A second order polynomial in road speed was
fitted to the freewheel speed and then extrapolated to match the maximum speed
of the other test. Fitting a function to the data has the advantage that it avoids
numerically differentiating a noisy speed signal. Fig. 6.27 shows an anomaly in
the freewheel speed at around 4 seconds. This is probably due to a slight change
in riding position. This data was used to obtain a torque map for the engine, as
explained in Section 4.7. The freewheel coast-down test was used to calibrate the
aerodynamic parameters.
6.8 Data formatting
The 2D system stores recorded data in a proprietary format for use in the
2D Analyser application. This incorporates a comprehensive set of analysis tools
and the user can write calculation scripts to create new calculated channels.
However, as the model would be prototyped in Matlab, it was decided to do all
postprocessing in Matlab rather than in 2D Analyser. Recorded data was ex-
ported at a sample rate of 800 Hz in comma-separated value (CSV) format, that
is easily read by Matlab.
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Model Validation and Analysis
7.1 Introduction
In this chapter, using data recorded during testing, the behaviour of the model is
compared to that of the actual bike. Then, the response of the model to various
test inputs is examined. The system modes are examined using the root locus
technique. Testing consisted of coast-down tests to determine the effects of drag, a
preliminary validation of the data recording equipment by the writer at Mondello
Park and a test session at Nutts Corner race track with Jeremy McWilliams [54]
riding the bike.
7.2 Coast-down test
Two coast-down tests were performed, as described in Section 6.7; one where
the throttle was closed at maximum engine speed in 4th gear and the bike was
allowed to slow down under the influence of engine braking, and a freewheel test
in a similar road speed range with the clutch disengaged. Section 4.7 explains how
the difference in negative acceleration between the two tests was used to calculate
the negative engine torque with the throttle closed. Section 4.5.5 explains how the
data from the freewheel coast-down test was used to calculate the effects of drag.
The first step in validating the model is to simulate the freewheel coast-down test.
In addition to analysing drag, the data from the freewheel test is useful in other
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ways. By comparing modelled and measured suspension position, and minimising
the error, the coefficient of lift and the position of the aerodynamic centre of
pressure may be estimated. This is analogous to how these parameters would be
calculated in a wind-tunnel, albeit using load cells in a controlled environment.
At lower road speeds where aerodynamic forces have less effect, the error in
suspension position may be used to verify suspension parameters. Fig. 7.1 shows
the measured and modelled road speed and suspension position. The coefficient of
aerodynamic lift and the centre of pressure have been optimised so as to minimise
the error in suspension position. Fig. 7.2 shows the measured and modelled road
Figure 7.1: Freewheel coast-down speeds and suspension positions, measured
and modelled.
speed and suspension position for the 4th gear coast-down test. The closed-
throttle negative engine torque is assumed to be linearly related to engine speed,
so the torque values at minimum and maximum engine speed were adjusted to
obtain the match in road speed shown in the upper plot. Once this was done, the
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modelled front and rear suspension positions were a close match for the recorded
positions, as shown in the second and third plots, with the front position being
around 2 mm low at high deceleration rates.
Figure 7.2: 4th gear coast-down speeds and suspension positions, measured and
modelled.
7.3 Race circuit tests
In this Section, the behaviour of the model is compared to the bike behaviour
on the track. The data used is primarily that recorded at Nutts Corner race
circuit with the bike ridden by Jeremy McWilliams, but data from the preliminary
validation test at Mondello Park is also included. Plots of steering angle versus
roll angle for both tests are shown in Section 5.4.1.
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Figure 7.3: Estimated and recorded suspension data for one lap of Mondello Park
7.3.1 Preliminary validation in Mondello Park
The purpose of this test was to ensure that the bike and data recording system
were working as expected, so as to avoid problems at the important Nutts Corner
test. Testing was carried out in dry conditions at Mondello Park race circuit and
data for a little over one lap is shown. There is some overlap because the plots
begin at the start of the ‘pit’ straight and ending at the end of the pit straight
on the following lap. Mondello is quite a bumpy circuit and this can be seen in
the recorded suspension data. A map of Mondello Park, including elevation, is
shown in Fig. 7.7.
Recorded and estimated suspension data is shown in Fig. 7.3, where q1 is the
position of the front fork and q2 is the swing-arm angle. While there is a lot of
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measured suspension movement which does not appear on the estimated data,
the correlation between recorded and estimated data is good. Much of this extra
movement is apparent at the beginning and end of the plot, which corresponds to
the bumpy pit straight. When compared to Jeremy’s suspension data in Fig. 7.4,
the suspension neither extends nor compresses to the same extent. Novice riders
underestimate the forces that the tyres can withstand and ride well within the
performance limits of the bike.
7.3.2 Testing at race speed in Nutts Corner
The main track test was carried out at Nutts Corner circuit in dry conditions with
Jeremy McWilliams riding the bike. The circuit map is shown in Fig. 7.8, over-
laid with two consecutive laps of GPS data recorded on the bike. The GPS map-
ping was performed by Sea´n O’Kane using ArcGIS version 10.2.2. The recorded
GPS points were converted to a continuous line and displayed using WGS1984
as its geographic coordinate system (the same as the original GPS points), and
IRENET95 Irish Transverse Mercator (ITM) as the projected coordinate system.
Fig. 7.4 shows the comparison between estimated and recorded suspension data
for one lap of Nutts Corner, where q1 is the front fork position and q2 is the
swing-arm angle. Nutts Corner has an elevation change of approximately eight
metres with somewhat abrupt local gradient changes, as can be seen in Fig. 7.9.
The crests and troughs give rise to vertical accelerations which are not modelled,
creating a difference between estimated and measured suspension travel in some
places. It is to be expected that lower frequency suspension movement is created
by the dynamics of the system, but the plots show that much of the high fre-
quency movement too is generated by the system dynamics, as the model has no
‘knowledge’ of road irregularities.
Fig. 7.5 shows a comparison of the estimated and recorded wheel speeds over
a period of 40 seconds. Wheel speeds in metres per second are shown because
the front and rear wheel angular velocities are not directly comparable due to
the different tyre profiles. The upper plot shows the front wheel speed and the
second plot shows the rear. The plots were created with the wheel speed Kalman
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Figure 7.4: Estimated and recorded suspension data for one lap of Nutts Corner
filter disabled, so the wheel speed estimation is open loop, with no influence from
the measurements. The estimated front wheel speed matches the recorded data
well at high frequency, with small variations appearing similarly in both. The
wheelie at 36 seconds has an effect on the estimated front wheel speed but it
appears as though the wheel retains some contact with the ground, as it does not
decelerate freely. The second plot shows the measured and estimated rear wheel
speeds. The estimated bike speed is included for comparison. At around 3, 9
and 24 seconds, the rear wheel locks on braking, with the example at 9 seconds
being the most pronounced. The model behaves in a very similar way to the real
bike in these situations. Where it does not follow so well is where the real bike
appears to experience wheel spin. At 12 seconds, when the bike accelerates in
first gear, the rear wheel over-rotates until around 14 seconds, when it begins
184
7.3. Race circuit tests
Figure 7.5: Estimated and recorded wheel angular velocity
to grip. This is even more evident at around 35 seconds, where wheel spin ends
abruptly, causing the bike to wheelie. At 30 seconds, the rider closes the throttle
a little, ending wheel spin. The effect of the sudden torque change at up-shifts is
apparent on both the recorded and estimated rear wheel speed, though more so
on the recorded data.
Fig. 7.6 shows the comparison of the rate gyro estimated and recorded data.
The estimated rate gyro data is constructed as explained in Section 4.11. The
plots show that the estimated value of ω1 tracks the recorded value much more
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Figure 7.6: Estimated and recorded rate gyro data
closely than either ω2 or ω3. This is because the gain g1 in Fig. 4.37 is higher than
g2 or g3, which is due, in turn, to the fact that engine speed is present to a greater
extent in ω2 and ω3 measurements than in ω1. This was explained in Secton 4.6.
Another factor in choosing the gains was to minimise drift in estimated roll angle
while avoiding excessively high values of steering torque, which can induce high
frequency vibration in the model. The large impulses visible on ω3, particularly
on the estimated plot, are due to gear-change induced pitch. As the rider cuts
torque by closing the throttle, there is a negative spike in ω3, followed by a positive
spike as the rider re-applies torque and the main frame resumes its attitude. The
torque disturbance during up-shifts creates a brief ‘ringing’ in estimated ω3.
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Figure 7.7: Google Earth map of Mondello Park circuit, showing elevation change
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Figure 7.8: Nutts Corner race circuit, Antrim, showing two lap GPS trace
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Figure 7.9: Google Earth map of Nutts Corner circuit, showing elevation change
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7.4 Turning behaviour
For these tests, which are performed by the model only, road speed is regulated
by a PI controller, using rear wheel torque as the input. The gains are low, so
the dynamics of the speed controller are not apparent in the response of the bike.
7.4.1 Steady state turning
Figure 7.10: Yaw rate, steering torque and steering angle vs. road speed at 45◦
roll angle
Fig. 7.10 shows how the motorcycle behaves at a constant roll angle of 45◦
over a road speed range of 5 to 60 m/s. Yaw rate is equal to centripetal acceler-
ation, which is constant in this case, divided by road speed, so at low speed, the
magnitude of the yaw rate increases greatly. At low speed, the steering torque
needed to maintain a constant roll angle is in the opposite direction to the turn.
That is, in a right-hand turn as shown, the steady state steering torque is to the
left. As the speed increases, the steering torque drops to zero and then changes
sign. It is now entering the speed region where the bike is self-stabilising. The
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auto-stable condition continues to above 60 m/s but at some point above that
speed, the motorcycle will again enter a region of instability. The speed range of
the auto-stable region depends on the parameters of the machine and tyres.
7.4.2 Roll angle change
Figure 7.11: Roll angle driven from 0 to 50◦ at 20 m/s
The control input for roll angle is steering torque. In a step response test, the
difference between the set point and the output can be very high initially. There
is a limit to how much steering torque the motorcycle and tyres can handle, so it
is a good idea to limit the steering torque in some way. In this case, the rate of
change of the set-point was limited to 1.2 radians per second. The limiting factor
was that at higher roll rates, the rear suspension would reach full extension for a
short time, introducing significant non-linear behaviour. The roll rate limiter was
followed by a first order low pass filter with a time constant τ = 0.15 seconds, so
as to keep the bandwidth of the input signal low relative to that of the model.
The response to a change in roll angle from 0 to 50◦ at a road speed of 20
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m/s is shown in Fig. 7.11. This takes place within the auto-stable region, as
explained above. The first plot shows the roll target, roll angle and yaw rate.
The second plot shows the steering torque and steering angle. The turn to the
right is initiated at t = 0.2 s by applying steering torque to the left. This steers
the front wheel to the left, creating a torque about the longitudinal axis that
causes the bike to roll to the right. At t = 0.56 s, the steering angle changes
direction creating a torque about the longitudinal axis that opposes the roll rate
and arrests the roll at the desired roll angle. This behaviour is known as counter-
steer. The steering angle settles at approximately −0.8◦. As the final roll angle
is reached, the steering torque changes sign and settles at approximately −7 Nm.
The third plot shows the tyre lateral force. The front tyre lateral force is negative
initially due to counter-steer, but then changes sign after the turn is initiated.
7.5 Turning radius
Wheelbase
αFδ
′
αR
δ′ − αF
RrRf
Direction of travel
Front wheel Rear wheel
Instantaneous turning centre
Figure 7.12: Balanced turning
Figure 7.12 shows the projection of the steering geometry onto the ground
during steady state turning. This is in fact a special case where the tyre contact
points are equidistant from the instantaneous turning centre. The orientation
of the tyres is indicated by heavy black lines. The circular path along which
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both tyre contact points move is shown by a dashed line, and the solid red lines
indicate the instantaneous directions of motion of the tyre contact points. These
are tangential to the circular path and at right angles to the dashed red radial
lines to the turn centre. The front and rear slip angles are αF and αR respectively,
and δ′ is the kinematic steering angle, which is the steering angle δ projected onto
the ground plane, as explained in Section 4.4. To achieve a particular level of
turning, riders perform three* main actions; they control the forward speed of the
bike, they modify the turning radius by shifting the lateral position of the centre
of mass and, using the handlebars, they control the instantaneous direction in
which the front contact point moves. In other words, they control the direction
of the solid red line passing through the front tyre contact point in Fig. 7.12. It
is the angle of this line to the line connecting the contact points, i.e. δ′−αF , along
with the corresponding angle at the rear, αR, that determines how the bike will
turn. The angle δ′−αF is ultimately what the rider controls with the handlebars.
From Fig. 7.13 it is easy to derive the position of the instantaneous turn
centre:
αFδ
′
αR
δ′ − αF
RrRf
Travel
(δ′ − αF )
pi
2− pi
2 − αR
δ′
−αF + αR
W
R1
L
Figure 7.13: Turning radius
Rf
sin
(
pi
2
− αR
) = W
sin(δ′ − αF + αR)
Rf =
W cosαR
sin(δ′ − αF + αR)
* Of course, the rider can do many other things such as induce oversteer by powering or braking
the rear wheel.
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Also:
sin
(pi
2
− (δ′ − αF )
)
=
R1
Rf
R1 = Rf cos(δ
′ − αF )
=
W cosαR cos(δ
′ − αF )
sin(δ′ − αF + αR)
=
W cosαR cos(δ
′ − αF )
sin(δ′ − αF ) cosαR + cos(δ′ − αF ) sinαR
=
W
sin(δ′−αF ) cosαR
cosαR cos(δ
′−αF ) +
cos(δ′−αF ) sinαR
cosαR cos(δ
′−αF )
=
W
sin(δ′−αF )
cos(δ′−αF ) +
sinαR
cosαR
R1 =
W
tan(δ′ − αF ) + tanαR
(7.1)
Note that the wheels are treated as discs and the lateral offset of the tyre contact
points due to roll angle is ignored. This result emphasises that, with regard to
turning, the front slip angle αF is inseparable from the kinematic steering angle
δ′. L is found to be:
L = R1 sinαR
It can also be stated that the turning radius of the bike centre of mass is:
R2 =
v
ω
(7.2)
where R2 is the distance from the centre of mass to the instantaneous turn cen-
tre, v is the forward velocity and ω is the angular velocity. It is interesting to
compare R1 and R2 using the steady state values of the roll angle change test in
Section 7.4.2. The values were obtained after 10 seconds in order to allow the
system to reach a steady state; W = 1.3789m, δ′ = −18.4653 × 10−3 radians,
αF = −1.5401 × 10−3 radians, αR = −14.4216 × 10−3 radians, v = 20.0 m/s,
ω = −0.4571998 radians/s, resulting in: R1 = −44.0 m and R2 = −43.7 m. The
difference is 0.3 m and the lateral offset of the combined centre of mass rela-
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tive to the contact patches is approximately 0.5 m, which makes the actual error
approximately 0.2 m.
Changing parameters, such as the lateral offset of the main frame mass centre,
or using a rear tyre in the front, changes the turning radius, but the agreement
between the two methods of calculation remains similar, or in some cases bet-
ter than the example above. Likewise with different road speeds. This close
agreement is a useful partial validation of the model.
7.6 The effect of changing the slip angle
αF
δ′
αR
δ′ − αF
RrRf
Travel
αFδ′
αR
δ′ − αF
RrRf
Travel
αFδ
′
αR
δ′ − αF
RrRf
Travel
αFδ
′
αR
δ′ − αF
RrRf
Travel
(d)(c)
(a) (b)
(δ1 − αF ) reduced(δ1 − αF ) increased
αR reducedαR increased
Figure 7.14: The effect of changes in slip angle
Fig. 7.14 investigates what happens when the front and rear slip angles change.
The instantaneous turn centre from Fig. 7.12 is shown as a reference. The turning
radius is reduced by increasing either αR or δ
′ − αF , and vice versa. Increasing
αR or reducing δ
′ − αF moves the instantaneous turning centre forward and vice
versa.
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7.7 Tracking the bike position
Figure 7.15: 3D map of bike trajectory for two laps, with zoomed inset
Fig. 7.15 shows the three dimensional trajectory of the bike for two laps. The
drift in the X and Y position and in yaw can be seen. Seven points on the
bike from Table 4.1 are tracked in this diagram; front and rear axles G and D,
front and rear tyre contact points S and T , swing-arm pivot P , steering head
point H and the main frame mass centre A. These points on the bike in its final
position can be seen magnified in the inset. Fig. 4.37 shows the same data in
two dimensions, overlaid with the recorded GPS data. It can be seen that the
inertially estimated path follows the GPS path well for one or two corners and
the drift becomes greater as time goes on.
7.8 Root locus analysis
The continuous time state space representation of the bike model is:
x˙ = Ax+Buin +Rw (4.38)
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where*:
u =
[
Ffwx Ffwy Ffwz Frwx Frwy Frwz Flift Fdrag Ffork Tmfx
Tmfy Tmfz Tsay Tfwx Tfwy Tfwz Trwx Trwy Trwz Tsteer g
]T
For the purposes of root locus analysis, the non-linear term Rw will not be used
so Eqn. (4.38) becomes:
x˙ = Ax+Buin (7.3)
In Section 4.5, it was explained that suspension and tyre forces are not included in
the A matrix but are instead calculated outside the motorcycle model and applied
as inputs in the input vector, u. This means that A contains no information on
tyre or suspension dynamics, so the poles of the system cannot be determined
from A alone, and some other means must be found to calculate them. The tyre
and suspension forces contained in the input vector are non-linear functions of
the state variables, but for the purposes of root locus analysis they were linearised
as follows. Let:
u = Kinx+ u
′ (7.4)
where Kin is a 21 x 22 matrix in which each row corresponds to an element of
the input vector and contains coefficients of the state variables. Therefore, each
input becomes a linear combination of the state variables plus a possible offset,
which resides in the new vector u′. Eqn. (7.3) becomes:
x˙ = Ax+BKinx+Bu
′
= (A+BKin)x+Bu
′
The eigenvalues of A + BKin are the system poles. Each row of Kin may be
generated by first running the model using training data, and recording the state
and input vectors. Then, the Matlab multiple linear regression function regress()
* The input vector is detailed in Table 4.9
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is used for each element of the input vector to obtain a set of coefficients that
allows that input to be expressed as a function of the state vector. In fact, only
the tyre force inputs needed to be generated in this way because the suspension
forces are linearised and approximated by spring and damping constants in the
Kin matrix.
Figure 7.16: Training data used to build the Kin matrix
Fig. 7.16 shows the training data where the roll angle is periodically changed
and the system allowed to settle. The set of state variables included in the training
set was experimented with. Finally, it was decided to use only roll angle, q9. This
gave good steady state accuracy although the transient response is not predicted
well. However, the root locus tests are performed using very slow parameter
changes. The result of estimating Fy as a function of roll angle is shown in
Fig. 7.17, where the estimated and actual values of Fy for the front and rear tyres
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are plotted as the roll angle increases in steps. At low and medium roll angle,
the estimated value Fy is satisfactory.
Figure 7.17: Testing the tyre lateral force generated by the trained system
The root locus plots show the oscillatory modes of the system. Note that
the real and imaginary axes are not to the same scale. Fig. 7.18 shows the
root locus for straight running as road speed is increased from 3 to 60 m/s,
with squares marking 3 m/s and diamonds marking 60 m/s. The wheel hop,
wobble and suspension modes are largely independent of road speed, with natural
frequencies of 17.4 Hz, 8.7 to 8.9 Hz and 2.6 to 2.8 Hz respectively. Weave begins
as an undamped oscillatory mode close to the imaginary axis with a frequency of
1.5 Hz, and the frequency and damping factor increase as road speed increases,
reaching a maximum damping factor of 0.3 at 29.5 m/s and 2.6 Hz. As road
speed continues to increase above 29.5 m/s, so does the weave frequency, but
the damping factor decreases, until at 60 m/s, the frequency is 5.2 Hz and the
damping factor is 0.17.
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Figure 7.18: Root locus with bike upright for road speed from 3 to 60 m/s
Fig. 7.19 shows the root locus at a constant speed of 50 m/s as the roll
angle increases from 0 to 50◦. Squares indicate 0◦ and diamonds 50◦. As roll
angle increases, wheel hop frequency decreases from 17.4 to 14.9 Hz and the
damping factor decreases from 0.26 to 0.19. Wobble frequency remains relatively
constant, beginning at 8.9 Hz, and increasing to 9.9 Hz at 50◦ roll angle, as the
damping factor decreases from 0.33 to 0.16. Weave frequency increases from 4.4
to 5.3 Hz and the damping factor increases from 0.21 to 0.47. The suspension
mode frequency decreases from 2.6 Hz when upright to 1.6 Hz at 50◦ roll as the
damping factor increases from 0.30 to 0.48.
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Figure 7.19: Root locus at 50 m/s, with roll angle from 0 to 50◦
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Chapter 8
Application Examples
One of the applications of a high fidelity model is estimation of unmeasurable
quantities such as tyre shear force. These estimated quantities may then be used
as performance criteria in choosing motorcycle parameters. This is demonstrated
by a practical example, using the recorded data from Nutts Corner.
8.1 Estimation of unmeasurable quantities
One of the primary uses of the motorcycle model is estimation of unmeasurable
quantities. Fig. 8.1 was produced using the initial tyre parameters before they
were adjusted as described in Section 5.4.1. The first plot shows the roll angle
of the bike for one lap of Nutts Corner circuit. The second plot shows the front
and rear lateral forces. The third plot shows the lateral forces normalised with
respect to vertical load and the fourth plot shows the tyre slip angles. It is useful
to examine the plots from about 22 seconds to 31 seconds as the bike enters
and exits a long corner. As the bike begins to lean over, the front tyre lateral
force increases in magnitude more quickly than the rear, but the normalised force
plot shows that the normalised front and rear lateral forces increase in a much
more similar way to each other. This means that the rider is applying lateral
force only to the extent allowed by the vertical load. A high front lateral force
may be applied on corner entry because the action of braking has transferred
weight onto the front tyre. As the brakes are released, and the weight transfer
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Figure 8.1: Roll angle, tyre lateral shear force (actual and normalised) and slip
angle. Data from Nutts Corner with initial tyre parameter set.
to the front decreases, the front lateral force also decreases, until in mid-corner,
where the vertical load is shared more-or-less equally between the front and rear
tyres, the lateral forces come together. From this point, the rider is accelerating,
causing the weight to be transferred to the rear tyre, which can now withstand
greater lateral force. As the weight is transferred away from the front tyre, the
front lateral force must decrease. The fourth plot in Fig. 8.1 shows that much
of the front lateral force is due to the high slip angle of the front tyre. This
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Figure 8.2: Roll angle, tyre lateral shear force (actual and normalised) and slip
angle. Data from Nutts Corner with modified tyre parameter set.
contrasts with the fourth plot in Fig. 8.2. This plot was produced using the final
tyre parameter set as described in Section 5.4.1. In this case, the tyre lateral
force and normalised lateral force have not changed a great deal, but the slip
angle behaviour is quite different. The front tyre slip angle remains quite low
and the rear tyre slip angle builds progressively through the corner, reaching
a peak as the rider accelerates out of the turn. The final tyre parameters are
not the definitive parameters for the tyres used; these were not available, but
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Figure 8.3: Roll angle, tyre lateral shear force (actual and normalised) and slip
angle. Data from Mondello Park with final tyre parameter set.
they are modified from the initial parameter set so as to obtain good correlation
between the measured and recorded steering and suspension data. The contrast
between Figs. 8.1 and 8.2 shows the profound effect of the tyre model parameters
on estimated forces and slip angles. In order to have accurate data, it is really
necessary to have the actual parameters for the tyres used. Fig. 8.3 shows similar
plots from the preliminary validation test in Mondello Park, using the final tyre
parameters. The roll angle, lateral forces and slip angles are much lower than for
the Nutts Corner data, and this shows the great difference between a professional
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and novice rider.
8.2 Evaluating parameter changes
Whether at the design stage or when choosing settings for racing, it is useful to be
able to evaluate the likely outcome of changes to motorcycle or tyre parameters
without having to test them on the road or track. Track testing is expensive and
risky, and a screening process for potential changes before they go on the bike
will accelerate development. Often, a parameter change may be so small that it
will not be noticed by a rider, and simulation may be the only way to investigate
if it makes a small step in some particular direction.
This is illustrated by the following example. The normalised front tyre lateral
force is one limiting factor when trying to achieve maximum performance. If the
maximum value, or the time spent at close to the maximum value is reduced
for a given lap-time, then the front tyre is less likely to slide and the margin for
safety is increased. Two bike settings are compared: the actual setting used at
Nutts Corner circuit to record the data, and the same setting with one chain
link removed. This shortens the swing-arm length by 15.875 mm (5/8”), and this
would be a very noticeable change for the rider. Shortening the swing-arm would
be expected to place more weight on the rear of the bike, potentially reducing
rear wheel spin. This parameter change will be evaluated using three criteria:
 Does the change actually increase the rear tyre normal load, as expected?
 Does this result in reduced rear wheel longitudinal slip?
 What is the effect on normalised front tyre lateral force?
The upper plot in Fig. 8.4 is a histogram of the rear tyre normal force Fz for one
lap of Nutts Corner circuit. It compares Fz for the standard setting with that
of the modified setting, i.e. the shorter swing-arm. The lower plot shows the
difference in Fz between the modified and standard setting. The area of interest
is the upper range of force, around 2,500 N, where the bike is accelerating hard
with most or all of the weight on the rear wheel. The bike with the modified
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setting clearly spends more time in this range than does the standard setting,
confirming that the shorter swing-arm has increased the rear tyre load. The
Figure 8.4: Histogram of rear tyre normal force
upper plot in Fig. 8.5 shows the positive rear tyre slip ratio for both settings, and
the lower plot shows the difference. The difference in slip ratio is more marked
than the force difference, with the modified setting achieving the same maximum
slip, but spending much less time in the higher slip range. This confirms the
premise that shortening the swing-arm length would reduce slip. The upper plot
in Fig. 8.6 shows the histogram of normalised front tyre lateral force for both
settings. As noted previously, a lower value is desirable from the point of view of
safety. However, although the maximum value is similar, the shorter swing-arm
setting shows a marked increase in the amount of time spent in the highest part
of the range.
The analysis shows that shortening the swing-arm would be expected to in-
crease the load on the rear tyre on acceleration, thereby reducing wheel spin, but
that the front tyre will spend more time close to the limit of lateral adhesion. In
other words, the likelihood of crashing due to ‘losing the front’ goes up. Further
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Figure 8.5: Histogram of rear tyre slip ratio
Figure 8.6: Histogram of normalised front tyre lateral force
simulation may result in a setting that mitigates the disadvantage, and the level
of detail may be increased by separating the analysis into phases, such as corner
entry and exit.
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Conclusions
9.1 Introduction
One point is worth mentioning with regard to modelling the motorcycle and tyres.
The system is continuously in dynamic equilibrium. The tyres are always slipping
relative to the ground, generating exactly the right forces and moments to balance
the inertial forces and moments experienced by the bike and rider. Although it
is possible to test parts of the model in isolation, there comes a time when the
entire model must remain in dynamic equilibrium. At that time, everything must
work or nothing does. It is difficult to explain the satisfaction experienced when,
after countless computational crashes, the bike model finally crashes like a real
motorcycle for the first time.
9.2 The model
The equations of motion were formulated using Kane’s equations. This method
was chosen over others because it is highly structured and avoids calculations
which are necessary in other techniques. It turned out to be a good choice, as
many corrections have to be made during development, and Kane’s equations
were very manageable even with a relatively complex system.
The objective was to create a model that is linear to the greatest extent
possible without losing fidelity. It was possible to linearise many relationships
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because they were already very nearly linear, while others, such as roll angle,
could not be linearised. Non-linear forces such as those created by the suspension
and tyres were treated as non-linear inputs, creating a Hammerstein structure.
Certain non-linear terms in the equations of motion were included as an extension
to the linear model, while very small non-linear terms were discarded.
Kane’s method also allows velocities and accelerations anywhere in the model
to be calculated easily, including the rotation rates and accelerations at the IMU
location. The IMU rate gyro channels are simulated in the system C matrix and
the simulated accelerometer channels are likewise available in the model. This
‘virtual IMU’ allows validation of the inertial behaviour of the bike, and in fact
the steering controller is driven by the error between the actual rate gyros and the
virtual ones. The velocity calculations provide the actual bike speed, and allow
the front and rear tyre slip ratios to be calculated relative to each axle speed
rather than being the ratio of wheel speeds.
The tyre model used is MF Tyre / MF Swift version 6.2, which is the latest
version of the Magic Formula model at the time of writing. The equations for
combined longitudinal and lateral slip were used. The tyre lateral force was
divided into force due to sideslip and camber thrust for separate analysis, and
this allows the point at which counter-steer ends to be identified. As a starting
point, tyre parameters from Sharp et al. [27] were used, but these were modified
using the golden section optimisation method to minimise the difference between
recorded and estimated measurements for steering and suspension. Although
good correlation between measured and estimated data was achieved in this way,
it cannot produce the definitive parameter set for the tyres. The great difference
in slip angle behaviour between the initial and final tyre parameters shows that
in order to produce definitive values for slip angle, the tyre parameters for the
actual tyres used would be needed.
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9.3 Utility of the model
The motorcycle model can provide real time estimated values for unmeasurable
quantities such as actual vehicle speed, tyre forces and slip angles, which may
be used in engine management and vehicle stability strategies. At the time of
writing, these strategies tend to operate independently of each other, but in the
future it is likely that they will come under the control of an overall vehicle
management system.
The model also has wide applicability in simulation. The job of a race engineer
can be summarised as constrained optimisation. The race time, i.e. the time from
the start of the race to the finish must be minimised, and all decisions leading
up to and during a race weekend tend towards that end. The constraints include
the range of settings available, tyre type and quantity, and of course time on
track. The possibility that the setting is converging to some locally optimal
configuration while missing the globally optimal setting is a constant concern
and there is rarely enough time to make a big setting change and re-optimise the
new configuration. By using the model to optimise parameters with respect to
certain criteria, for example lateral front tyre force, it is possible to search for
globally optimal settings.
One use of the model is as an aid to understanding. Many times, particularly
when the model was close to completion, an apparent error would instead turn
out to be ‘not seeing the full picture’ initially with regard to the physics. For
example, when building the simulations for the coast-down tests in Chapter 7,
the entire drag force, non-aerodynamic as well as aerodynamic, was applied to the
centre of pressure, just to ensure that the negative acceleration was as expected.
The bike slowed down less than expected and checking the input vector showed
positive longitudinal shear forces at the tyre contact patches. Also, the wheels
were over-rotating slightly with respect to road speed. Because the wheels have
rotational inertia, a moment must act on them if they are to slow down, and this
moment is due to the shear force created by tyre longitudinal slip, which depends
on the slight over-rotation of the wheel. This brought the understanding that
the tyre longitudinal shear forces are an important part of the non-aerodynamic
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force in Eqn. (4.7), but not before asking the question “Why are the wheels going
faster than the bike?”.
When data is available from track testing with tyres whose parameters are
unknown, the model may be used to estimate the unknown parameters to some
extent, using optimisation methods. While it is not possible to say, based on the
work in this thesis, to what degree the resulting parameters are correct, it can
be stated that they improve the match between measured and estimated data.
In order to begin the optimisation process, a set of feasible tyre parameters is
needed as a starting point.
9.4 Future work
In Section 4.6, the effect of engine vibration on the IMU channels was addressed.
A better mounting location and or method must be found for the IMU before
further testing is carried out. Two IMUs mounted in different locations on the
bike may provide redundancy.
Additional degrees of freedom may be added to the model. These may be
introduced to allow flex in the frame and swing-arm about various axes. Two
additional degrees of freedom may also be used to allow lateral deflection of the
tyre contact patches. However, for this to be useful, a good deal would need to
be known about the tyre spring and damping rates in this direction.
Section 8.2 shows how proposed changes to parameters may be evaluated
prior to testing the motorcycle. This approach may be extended by adding an
optimisation algorithm so that a number of parameters may be optimised simul-
taneously with respect to certain criteria. These may be similar to the criteria
chosen in Section 8.2.
The model may be modified to explore suspension configurations other than
telescopic forks, for example, the BMW Telelever system. By driving the con-
ventional and alternative models with the same functions and recorded data, a
performance comparison may be carried out using similar performance criteria
to those described in Chapter 8. This process is not confined to already realised
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systems. A model can be formulated around a purely mathematical idea; for
example, linking the front and rear suspension in some way. Then if the simula-
tion shows some potential advantage, an effort may be made to design a physical
system.
On high powered motorcycles especially, the engine and engine management
system have a profound effect on chassis and tyre dynamics. When combined
with accurate engine and drivetrain models, the motorcycle model is an ideal
tool to develop and test engine management strategies.
Testing on race tracks is becoming ever more heavily proscribed, due to noise
and other environmental restrictions. Lap optimisation is now in common use
in the four wheel world and is a future application for the motorcycle model.
Accurate lap simulation would require a very detailed topographical map of the
circuit, but tools such as LIDAR (light detection and ranging) and UAVs (un-
manned aerial vehicles) are readily available.
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Appendix A
Magic Formula Equations
The equations in this appendix are in accordance with MF-Tyre / MF-Swift 6.2
[48], which at the time of writing is the most up-to-date version of the Magic
Formula tyre model. The following variables are used throughout the equations,
dfz =
Fz − Fz0
Fz0
Vertical force increment
dpi =
P − P0
P0
Inflation pressure increment
F ′z0 = λFz0Fz0 Scaled nominal force
where Fz is the vertical force, Fz0 is the nominal vertical force, P is the inflation
pressure, P0 is the nominal inflation pressure, and λFz0 is a non-dimensional
constant parameter representing the scale factor of nominal load. The equations
in the following sections contain many parameters like λFz0, and these are listed
after each set of equations. It is the values of these parameters that define the
characteristics of a particular tyre.
A.1 Longitudinal force Fx
The longitudinal force is given by:
Fx = FxoGxα (A.1)
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A.1. Longitudinal force Fx
In the absence of side slip, Gxα = 1, so Fx = Fxo.
A.1.1 Longitudinal force (pure longitudinal slip, κ 6= 0,
α = 0)
Fxo = Dx sin(Cx arctan(Bxκx − Ex(Bxκx − arctan(Bxκx)))) + SV x
κx = κ+ SHx
Cx = pCx1λCx (> 0)
Dx = µxFzζ1 (> 0)
µx = (pDx1 + pDx2dfz)(1 + ppx3dpi + ppx4dp
2
i )(1− pDx3γ2)λµx
Ex = (pEx1 + pEx2dfz + pEx3df
2
z )(1− pEx4sgn(κx))λEx (≤ 1)
Kxκ = Fz(pKx1 + pKx2dfz)exp(pKx3dfz)(1 + ppx1dpi + ppx2dp
2
i )
Bx =
Kxκ
(CxDx + εx)
SHx = (pHx1 + pHx2dfz)λHx
SV x = Fz(pV x1 + pV x2dfz)λV xλµxζ1
The constants are:
pCx1 : Shape factor for longitudinal force.
pDx1 : Longitudinal friction, µx, at nominal Fz.
pDx2 : Variation of longitudinal friction, µx, with load, Fz.
pDx3 : Variation of longitudinal friction, µx, with camber, γ.
pEx1 : Longitudinal curvature at nominal Fz.
pEx2 : Variation of longitudinal curvature with load, Fz.
pEx3 : Variation of longitudinal curvature with load squared, F
2
z .
pEx4 : Factor in longitudinal curvature while driving.
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pHx1 : Horizontal shift, SHx, at nominal Fz.
pHx2 : Variation of horizontal shift, SHx, with load, Fz.
pKx1 : Longitudinal slip stiffness at nominal Fz.
pKx2 : Variation of longitudinal slip stiffness with load, Fz.
pKx3 : Exponent in longitudinal slip stiffness with load, Fz.
ppx1 : Linear pressure effect on longitudinal slip stiffness.
ppx2 : Quadratic pressure effect on longitudinal slip stiffness.
ppx3 : Linear pressure effect on longitudinal friction.
ppx4 : Quadratic pressure effect on longitudinal friction.
pV x1 : Vertical shift at nominal Fz.
pV x2 : Variation of vertical shift with load, Fz.
λCx : Scale factor of Fx shape factor.
λEx : Scale factor of Fx curvature factor.
λHx : Scale factor of Fx horizontal shift.
λV x : Scale factor of Fx vertical shift.
λµx : Scale factor of Fx peak friction coefficient.
ζ1 : Turn slip parameter ( = 1 when turn slip is not used).
εx : Small quantity to avoid singularity.
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A.1.2 Longitudinal force (combined slip, κ 6= 0, α 6= 0)
In the realistic situation where the tyre has both longitudinal and side slip, Gxα
in Eqn. (A.1) is not equal to 1, but is given by:
Gxα =
cos(Cxα arctan(Bxααs − Exα(Bxααs − arctan(Bxααs))))
cos(Cxα arctan(BxαSHxα − Exα(BxαSHxα − arctan(BxαSHxα))))
αs = α
∗ + SHxα
Bxα = (rBx1 + rBx3γ
2) cos(arctan(rBx2κ))λxα
Cxα = rCx1
Exα = rEx1 + rEx2dfz
SHxα = rHx1
The constants are:
rBx1 : Slope factor for combined slip Fx reduction.
rBx2 : Variation of slope Fx reduction with κ.
rBx3 : Influence of camber on stiffness for Fx combined slip.
rCx1 : Shape factor for combined slip Fx reduction.
rEx1 : Curvature factor of combined slip Fx.
rEx2 : Curvature factor of combined slip Fx with load.
rHx1 : Shift factor for combined slip Fx reduction.
λxα : Scale factor of α influence on Fx.
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A.2 Lateral force Fy
The lateral force is given by:
Fy = GyκFyp + SV yκ (A.2)
In the absence of longitudinal slip, Gyκ = 1 and SV yκ = 0, so Fy = Fyp.
A.2.1 Lateral force (pure side slip, κ = 0, α 6= 0)
Fyp = Dy sin(Cy arctan(Byαy − Ey(Byαy − arctan(Byαy)))) + SV y (A.3)
αy = α
∗ + SHy
By =
Kyα
CyDy + εy
Cy = pCy1λCy
Dy = µyFzζ2
µy = (pDy1 + pDy2dfz)(1 + ppy3dpi + ppy4dp
2
i )(1− pDy3γ2)λµy
Ey = (pEy1 + pEy2dfz)(1 + pEy5γ
2 − (pEy3 + pEy4γ)sgn(αy))λEy (≤ 1)
Kya = pKy1F
′
z0(1 + ppy1dpi) sin
(
pKy4 arctan
(
Fz
(pKy2 + pKy5γ2)F
′
z0(1 + ppy2dpi)
))
· (1− pKy3|γ|)λKyαζ3
SHy = (pHy1 + pHy2dfz)λHy +
Kyγ0γ − SV yγ
Kyα
ζ0 + ζ4 − 1
SV y = Fz(pV y1 + pV y2dfz)λV yλµyζ2 + SV yγ
SV yγ = Fz(pV y3 + pV y4dfz)γλKyγλµyζ2
Kyγ0 = (pKy6 + pKy7dfz)FzλKyγ(1 + ppy5dpi)
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The constants are:
pCy1 : Shape factor for lateral force.
pDy1 : Lateral friction, µy, at nominal Fz.
pDy2 : Variation of lateral friction, µy, with load, Fz.
pDy3 : Variation of lateral friction, µy, with squared camber, γ
2.
pEy1 : Lateral curvature at nominal Fz.
pEy2 : Variation of lateral curvature with load, Fz.
pEy3 : Zero order camber dependency of curvature.
pEy4 : Variation of lateral curvature with camber, γ.
pEy5 : Camber curvature coefficient.
pHy1 : Horizontal shift, SHy, at nominal Fz.
pHy2 : Variation of horizontal shift, SHy, with load, Fz.
pKy1 : Maximum value of stiffness,
Kyα
Fz0
pKy2 : Load at which Kyα reaches maximum value.
pKy3 : Variation of
Kyα
Fz0
with camber.
pKy4 : Peak stiffness variation with camber squared.
pKy5 : Lateral stiffness dependency on camber.
pKy6 : Camber stiffness factor.
pKy7 : Load dependency of camber stiffness factor.
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ppy1 : Pressure effect on cornering stiffness magnitude.
ppy2 : Pressure effect on location of cornering stiffness peak.
ppy3 : Linear pressure effect on lateral friction.
ppy4 : Quadratic pressure effect on lateral friction.
ppy5 : Influence of inflation pressure on camber stiffness.
pV y1 : Vertical shift in
SV y
Fz
at nominal load, Fz0.
pV y2 : Variation of shift in
SV y
Fz
with load, Fz.
pV y3 : Variation of shift in
SV y
Fz
with camber, γ.
pV y4 : Variation of shift in
SV y
Fz
with camber and load.
λCy : Scale factor of Fy shape factor.
λEy : Scale factor of Fy curvature factor.
λHy : Scale factor of Fy horizontal shift.
λKyα : Scale factor of cornering stiffness.
λKyγ : Scale factor of camber stiffness.
λV y : Scale factor of Fy vertical shift.
λµy : Scale factor of Fy peak friction coefficient.
ζ0, ζ2 . . . ζ4 : Turn slip parameters ( = 1 when turn slip is not used).
εy : Small quantity to avoid singularity.
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A.2.2 Lateral force (combined slip, κ 6= 0, α 6= 0)
Where the tyre has both longitudinal and side slip, Gyκ 6= 1 and SV yκ 6= 0.
SV yκ = DV yκ sin(rV y5 arctan(rV y6κ))λV yκ
DV yκ = µyFz(rV y1 + rV y2dfz + rV y3γ) cos(arctan(rV y4α
∗))ζ2
Gyκ =
cos(Cyκ arctan(Byκκs − Eyκ(Byκκs − arctan(Byκκs))))
cos(Cyκ arctan(ByκSHyκ − Eyκ(ByκSHyκ − arctan(ByκSHyκ))))
κs = κ+ SHyκ
Byκ = (rBy1 + rBy4γ
2) cos(arctan(rBy2(α
∗ − rBy3)))λyκ
Cyκ = rCy1
Eyκ = rEy1 + rEy2dfz
SHyκ = rHy1 + rHy2dfz
The constants are:
rV y1 : κ induced side force
SV yκ
µyFz
at Fz0.
rV y2 : Variation of
SV yκ
µyFz
with load, Fz.
rV y3 : Variation of
SV yκ
µyFz
with camber, γ.
rV y4 : Variation of
SV yκ
µyFz
with slip angle, α.
rV y5 : Variation of
SV yκ
µyFz
with slip ratio, κ.
rV y6 : Variation of
SV yκ
µyFz
with arctan(κ).
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rBy1 : Slope factor for combined slip Fy reduction.
rBy2 : Variation of slope Fy reduction with slip angle, α.
rBy3 : Shift term for α in slope Fy reduction.
rBy4 : Influence of camber on stiffness of Fy combined slip.
rCy1 : Shape factor for combined slip Fy reduction.
rEy1 : Curvature factor of combined slip Fy.
rEy2 : Curvature factor of combined slip Fy with load.
rHy1 : Shift factor for combined slip Fy reduction.
rHy2 : Shift factor for combined slip Fy reduction with load.
λyκ : Scale factor of κ influence on Fy.
λV yκ : Scale factor of κ induced ply-steer. See Section 5.2.15.
A.3 Overturning moment Mx
The MF-Tyre / MF-Swift 6.2 Equation manual [48] provides two alternative
equations for Mx. One is described as being useful for “special motorcycle tyres”.
The tyres used to obtain the test data were Dunlop Sportmax GP Racer D211s.
As these are high performance tyres intended for racetrack use, this version of
the equation was chosen.
Mx = R0λMx(Fy(qsx13 + qsx14|γ|)− Fzqsx12γ|γ|) (A.4)
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A.4. Rolling resistance moment My
R0 is the unloaded tyre radius. The constants are:
qsx12 : Camber squared induced overturning moment.
qsx13 : Lateral force induced overturning moment.
qsx14 : Lateral force induced overturning moment with camber.
λMx : Scale factor for overturning moment.
A.4 Rolling resistance moment My
My = −R0Fz0λMy
·
(
qsy1 + qsy2
Fx
Fz0
+ qsy3
∣∣∣∣VxV0
∣∣∣∣+ qsy4(VxV0
)4
+ qsy5γ
2 + qsy6
Fz
Fz0
γ2
)
·
((
Fz
Fz0
)qsy7 ( P
P0
)qsy8)
(A.5)
The constants are:
V0 : Reference velocity.
qsy1 : Rolling resistance moment coefficient.
qsy2 : Rolling resistance moment dependence on Fx.
qsy3 : Rolling resistance moment dependence on speed Vx.
qsy4 : Rolling resistance moment dependence on V
4
x .
qsy5 : Rolling resistance moment dependence on γ
2.
qsy6 : Rolling resistance moment dependence on γ
2 and load Fz.
qsy7 : Rolling resistance moment dependence on load.
qsy8 : Rolling resistance moment dependence on inflation pressure.
λMy : Scale factor for rolling resistance moment.
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A.5 Aligning moment Mz
Mz = −tGyκ0Fy0 +Mzr + sFx (A.6)
where Gyκ0Fy0 is GyκFyp in Eqn. (A.2) evaluated at γ = 0.
t = Dt cos(Ct arctan(Btαt,eq − Et(Btαt,eq − arctan(Btαt,eq)))) cos(α∗) (A.7)
Bt = (qBz1 + qBz2dfz + qBz3df
2
z )(1 + qBz4γ + qBz5|γ|)
λKyα
λµy
Ct = qCz1
Dt = Fz(qDz1 + qDz2dfz)(1− ppz1dpi)(1 + qDz3γ + qDz4γ2)
R0
Fz0
λtζ5
Et = (qEz1 + qEz2dfz + qEz3df
2
z )
·
(
1 + (qEz4 + qEz5γ)
(
2
pi
)
arctan(BtCtαt)
)
s =
(
ssz1 + ssz2
(
Fy
Fz0
)
+ (ssz3 + ssz4dfz)γ
)
R0λs
Mzr = Dr cos(ζ7 arctan(Brαr,eq))
Dr = FzR0λµy cos(α
∗)(qDz6 + qDz7dfz)λrζ2 + (qDz8 + qDz9dfz)γλKzγ
(1 + ppz2dpi)ζ0 + (qDz10 + qDz11dfz)γ|γ|λKzγζ0)− ζ8 + 1
Br =
(
qBz9
λKyα
λµy
+ qBz10ByCy
)
ζ6
αreq = arctan
√
tan2(αt) +
(
Kxκ
Kyα
)2
κ2 · sgn(αt)
αteq = arctan
√
tan2(αt) +
(
Kxκ
Kyα
)2
κ2 · sgn(αr)
αr = α
∗ + SHy +
SV y
Kyα
αt = α
∗ + SHt
SHt = qHz1 + qHz2dfz + (qHz3 + qHz4dfz)γ
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The constants are:
qBz1 : Slope factor for pneumatic trail Bt at nominal load Fz0.
qBz2 : Variation of slope factor for pneumatic trail Bt with load.
qBz3 : Variation of slope factor for pneumatic trail Bt with load squared.
qBz4 : Variation of slope factor for pneumatic trail Bt with camber.
qBz5 : Variation of slope factor for pneumatic trail Bt with absolute camber.
qCz1 : Shape factor for Ct for pneumatic trail.
qDz1 : Peak pneumatic trail Dt.
qDz2 : Variation of peak pneumatic trail Dt with load.
qDz3 : Variation of peak pneumatic trail Dt with camber.
qDz4 : Variation of peak pneumatic trail Dt with camber squared.
qEz1 : Pneumatic trail curvature Et at nominal load Fz0.
qEz2 : Variation of pneumatic trail curvature Et with load.
qEz3 : Variation of pneumatic trail curvature Et with load squared.
qEz4 : Variation of pneumatic trail curvature Et with sign of αt.
qEz5 : Variation of Et with camber and sign of αt.
qHz1 : Pneumatic trail horizontal shift Sht at FZ0.
qHz2 : Variation of Sht with load.
qHz3 : Variation of Sht with camber.
qHz4 : Variation of Sht with camber and load.
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qBz9 : Slope factor Br of residual torque Mzr.
qBz10 : Slope factor Br of residual torque Mzr.
ppz1 : Linear pressure effect on pneumatic trail.
ppz2 : Influence of inflation pressure on residual aligning moment.
qDz6 : Peak residual torque Dr.
qDz7 : Variation of Dr with load.
qDz8 : Variation of Dr with camber.
qDz9 : Variation of Dr with camber and load.
qDz10 : Variation of Dr with camber squared.
qDz11 : Variation of Dr with camber squared and load.
ssz1 : Nominal value of
s
R0
: effect of Fx on Mz.
ssz2 : Variation of
s
R0
with
Fy
Fz0
.
ssz3 : Variation of
s
R0
with camber.
ssz4 : Variation of
s
R0
with load and camber.
λr : Scale factor of offset of residual torque.
λs : Scale factor of moment arm of Fx.
λt : Scale factor of peak of pneumatic trail.
λKzγ : Scale factor of camber stiffness.
λKyα : Scale factor of cornering stiffness.
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A.6. Relaxation behaviour
ζ5 . . . ζ8 : Turn slip parameters ( = 1 when turn slip is not used).
A.6 Relaxation behaviour
The relaxation lengths for longitudinal and lateral forces are δx and δy respec-
tively, and the expressions are derived in Section 5.2.16.
δx =
Kxκ
Cx
(5.12)
δy =
Kyα
Cy
(5.16)
Cx = Cx0(1 + pcfx1dfz + pcfx2df
2
z )(1 + cfx3dpi)
Cy = Cy0(1 + pcfy1dfz + pcfy2df
2
z )(1 + cfy3dpi)
where Kxκ and Kyα are the longitudinal and lateral slip stiffness of the tyre at the
nominal vertical force and inflation pressure. See Section 5.2.13 for definitions.
Cx and Cy are the elastic longitudinal and lateral stiffness respectively of the tyre.
The constants are:
pcfx1 : Tyre overall longitudinal stiffness vertical deflection dependency linear term.
pcfx2 : Tyre overall longitudinal stiffness vertical deflection dependency quadratic term.
pcfx3 : Tyre overall longitudinal stiffness pressure dependency.
pcfy1 : Tyre overall lateral stiffness vertical deflection dependency linear term.
pcfy2 : Tyre overall lateral stiffness vertical deflection dependency quadratic term.
pcfy3 : Tyre overall lateral stiffness pressure dependency.
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